
1

Parallel Proximal Algorithm for Image

Restoration Using Hybrid Regularization
Nelly Pustelnik,Student Member, IEEE, Caroline Chaux,Member, IEEEand

Jean-Christophe Pesquet,Senior Member, IEEE.

Abstract

Regularization approaches have demonstrated their effectiveness for solving ill-posed problems. How-

ever, in the context of variational restoration methods, a challenging question remains, namely how to find

a good regularizer. While total variation introduces staircase effects, wavelet domain regularization brings

other artefacts, e.g. ringing. However, a trade-off can be made by introducing a hybrid regularization

including several terms non necessarily acting in the same domain (e.g. spatial and wavelet transform

domains). While this approach was shown to provide good results for solving deconvolution problems

in the presence of additive Gaussian noise, an important issue is to efficiently deal with this hybrid

regularization for more general noise models. To solve thisproblem, we adopt a convex optimization

framework where the criterion to be minimized is split in thesum of more than two terms. For spatial

domain regularization, isotropic or anisotropic total variation definitions using various gradient filters

are considered. An accelerated version of the Parallel Proximal Algorithm is proposed to perform the

minimization. Some difficulties in the computation of the proximity operators involved in this algorithm

are also addressed in this paper. Numerical experiments performed in the context of Poisson data recovery,

show the good behaviour of the algorithm as well as promisingresults concerning the use of hybrid

regularization techniques.
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I. INTRODUCTION

During the last decades, convex optimization methods have been shown to be very effective for

solving inverse problems. On the one hand, algorithms such as Projection Onto Convex Sets (POCS)

[2], [3], [4] have become popular for finding a solution in theintersection of convex sets. POCS was

used in data recovery problems [5] in order to incorporate prior information on the target image (e.g.

smoothness constraints). Some variants of POCS such as ART (Algebraic Reconstruction Technique) [6]

or PPM (Parallel Projection Method) [7] were also proposed to achieve iteration parallelization. Other

parallel approaches such as block-iterative surrogate constraint splitting methods were considered to

solve a quadratic minimization problem under convex constraints [8] which may include a total variation

constraint (see also [9]). However the method in [8] based onsubgradient projections is not applicable

to non-differentiable objective functions.

On the other hand, some denoising approaches were based on wavelet transforms [10], and more

generally on frame representations [11], [12], [13], [14].In [15], [16], [17], [18], algorithms which

belong to the class of forward-backward algorithms were proposed in order to restore images degraded

by a linear operator and a noise perturbation. Forward-backward iterations allow us to minimize a sum

of two functions assumed to be in the classΓ0(H) of lower semicontinuous convex functions defined on

a Hilbert spaceH, and taking their values in]−∞,+∞], which are proper (i.e. not identically equal to

+∞). In addition, one of these functions must be Lipschitz differentiable onH. In [19], this algorithm

was investigated by making use of proximity operator tools [20] firstly proposed by Moreau in [21].

In [22], applications to frame representations were developed and a list of closed form expressions of

several proximity operators was provided. Typically, forward-backward methods are appropriate when

dealing with a smooth data fidelity term e.g. a quadratic function and a non-smooth penalty term such

as anℓ1-norm promoting sparsity in the considered frame [23], [24]. The computation of the proximity

operator associated with theℓ1-norm indeed reduces to a componentwise soft-thresholding[25], [26].

Another optimization method known as the Douglas-Rachfordalgorithm [27], [28], [29], [30] was then

proposed for signal/image recovery problems [30] to relax the Lipschitz differentiablity condition required

in forward-backward iterations. In turn, the latter algorithm requires the knowledge of the proximity

operators of both functions. This algorithm was then extended to the minimization of a sum of a finite

number of convex functions [31], the proximity operator of each function still being assumed to be

known. One of the main advantages of this algorithm called Parallel ProXimal Algorithm (PPXA) is its

parallel structure which makes it easily implementable on multicore architectures. PPXA is well suited
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to deconvolution problems in the presence of additive Gaussian noise, where the proximity operator

associated with the fidelity term takes a closed form [31]. Tominimize a sum of two functions one of

which is quadratic, another interesting class of parallel convex optimization algorithms was proposed

by Fornasier et al. in [32], [33]. However, in a more general context, particularly when the noise is

not additive Gaussian and a wider class of degradation operators is considered, the proximity operator

associated with data fidelity term does not have a closed form, which prevents the direct use of PPXA

and the algorithms in [32] and [33]. Therefore, other solutions have to be looked for. For Poisson noise,

a first solution is to resort to the Anscombe transform [34], while a second one consists of approximating

the Poisson data fidelity term with a gradient Lipschitz function [35]. Both approaches require the use

of a nested iterative algorithm [34], [35], combining forward-backward and Douglas-Rachford iterations.

Nested algorithms may however appear limited for two main reasons: the parallelization of the related

iterations is difficult, and the number of functions to be minimized is in practice limited to three. More

recently, approaches related to augmented Lagrangian techniques [36], [37] have been considered in

[38], [39], [40], [41]. These methods are well-adapted whenthe linear operator is a convolution and

Fourier diagonalization techniques can thus be used, but for more general linear degradation operators,

a large-size linear system of equations has to be solved numerically at each iteration of the algorithm.

The objective of this paper is to propose an adaptation of PPXA to minimize criteria used in a wide

panel of restoration problems such as those involving a convolution or decimated convolution operator

using a finite-support kernel and non-necessarily additiveGaussian noise. Decimated convolutions are

important in practice since they are often encountered in super-resolution problems. To apply proximal

methods, it seems that we should be able to compute the proximity operator associated with the fidelity

term for a large class of noise distributions. When the proximity operator cannot be easily computed, we

will show that a splitting approach may often be employed to circumvent this difficulty. This is the main

contribution of this paper.

Moreover, based on similar splitting techniques and in the spirit of existing works on deconvolution

in the presence of Gaussian noise [17], [31], [42], [43], a twofold regularization composed of a sparsity

term and a total variation term is performed in order to benefit from each regularization. We will consider

this type of hybrid regularization by investigating different discrete forms of the total variation.

The paper is organized as follows: first, in Section II, we present the considered restoration problem

and the general form of the associated criterion to be minimized. Then, in Section III, the definition and

some properties of proximity operators as well as explicit forms related to the data fidelity term in a

restoration context and to a discretization of the total variation are provided. Section IV introduces an
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accelerated version of PPXA which allows us to efficiently solve frame-based image recovery problems.

Section V-A shows how the results obtained in the two previous sections can be used for solving

restoration problems where a regularization is performed both in the spatial and in the wavelet domains.

Finally, in Section V-B, the effectiveness of the proposed approach is demonstrated by experiments for

the restoration of images degraded by a blur (or a decimated blur) with finite-support kernel and by a

Poisson noise. Some conclusions are drawn in Section VI.

II. BACKGROUND

A. Image restoration

The degradation model considered throughout this paper is the following:

z = Dα(Ty) (1)

where y denotes the original image of global sizeN degraded by a non-negative valued convolutive

operatorT : R
N → R

M and contaminated by a noise non necessarily additive, the effect of which

is denoted byDα. Here,α is a positive parameter which characterizes the noise intensity. The vector

z ∈ R
M represents the observed data of sizeM . For example,Dα may denote the addition of a zero-

mean Laplacian noise with standard-deviationα, or the corruption by an independent Poisson noise with

scaling parameterα. T represents a convolution or a decimated convolution operator using a finite-support

kernel.

Our objective is to recover the imagey from the observationz by using some prior information on its

frame coefficients and its spatial properties.

B. Frame representation

In inverse problems, certain physical properties of the target solutiony are most suitably expressed in

terms of the coefficientsx = (x(k))1≤k≤K ∈ R
K of its representationy =

∑K
k=1 x

(k)ek with respect to

a family of vectors(ek)1≤k≤K in the Euclidean spaceRN . Recall that a family of vectors(ek)1≤k≤K in

R
N constitutes a frame if there exist two constantsν andν in ]0,+∞[ such that1

(∀y ∈ R
N ) ν‖y‖2 ≤

K∑

k=1

|ek⊤y|2 ≤ ν‖y‖2. (2)

1In finite dimension, the upper bound condition is always satisfied.
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The associated frame operator is the injective linear operator F : R
N → R

K : y 7→ (ek
⊤y)1≤k≤K , the

adjoint of which is the surjective linear operatorF⊤ : R
K → R

N : (x(k))1≤k≤K 7→ ∑K
k=1 x

(k)ek. When

ν = ν = ν in (2), (ek)1≤k≤K is said to be a tight frame. In this case, we have

F⊤F = νId, (3)

whereId denotes the identity matrix. A simple example of a tight frame is the union ofν orthonormal

bases, in which caseν = ν = ν. For instance, a 2D real (resp. complex) dual-tree wavelet decomposition

is the union of two (resp. four) orthonormal wavelet bases [14]. Curvelets [11] constitute another example

of tight frame. Historically, Gabor frames [44] have playedan important role in many inverse problems.

Under some conditions, contourlets [45] also constitute tight frames. WhenF−1 = F⊤, an orthonormal

basis is obtained. Further constructions as well as a detailed account of frame theory in Hilbert spaces

can be found in [46].

In such a framework, the observation model becomes

z = Dα(TF
⊤x) (4)

wherex represents the frame coefficients of the original data (y = F⊤x ∈ R
N is the target data of size

N ). Our objective is now to recoverx from the observationz.

C. Minimization problem

In the context of inverse problems, the original image can berestored by solving a convex optimization

problem of the form:

Find x̂ ∈ Argmin
x∈RK

J∑

j=1

fj(x) (5)

where (fj)1≤j≤J are functions ofΓ0(R
K) (see [31] and references therein) and the restored image is

ŷ = F⊤x̂.

A particular popular case is whenJ = 2; the minimization problem thus reduces to the minimization

of the sum of two functions which, under a Bayesian framework, can be interpreted as a fidelity term

f1 linked to noise and an a priori termf2 related to some prior probabilistic model put on the frame

coefficients (some examples will be given in Section V).

In this paper, we are especially interested in the case whenJ > 2, which may be fruitful for imposing

additional constraints on the target solution. At the same time, when considering a frame representation
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(which, as already mentioned, often allows us to better express some properties of the target solution),

the convex optimization problem (5) can be re-expressed as:

Find x̂ ∈ Argmin
x∈RK

S∑

j=1

gj(F
⊤x) +

J∑

j=S+1

fj(x) (6)

where (gj)1≤j≤S are functions ofΓ0(R
N ) and (fj)S+1≤j≤J are functions ofΓ0(R

K), related to the

image or to the frame coefficients, respectively. The terms for j ∈ {1, . . . , S} related directly to the pixel

values may be the data fidelity term, or a pixel range constraint term, whereas, the functions of indices

j ∈ {S+1, . . . , J} defined on frame coefficients are often chosen from some classical prior probabilistic

model. For example, they may correspond to the minus log-likelihood of independent variables following

generalized Gaussian distributions [47].

We will now present convex analysis tools which are useful todeal with such minimization problems.

III. PROXIMAL TOOLS

A. Definition and examples

A fundamental tool which has been widely employed in the recent convex optimization literature is

the proximity operator [20] first introduced by Moreau in 1962 [48], [21]. The proximity operator of

ϕ ∈ Γ0(R
X) is defined as

proxϕ : R
X → R

X : u 7→ arg min
v∈RX

1

2
‖v − u‖2 + ϕ(v). (7)

Thus, if C is a nonempty closed convex set ofR
X , and ιC denotes the indicator function ofC, i.e.,

∀u ∈ R
X , ιC(u) = 0 if u ∈ C, +∞ otherwise, then,proxιC reduces to the projectionPC onto C.

Other examples of proximity operators corresponding to thepotential functions of standard log-concave

univariate probability densities have been listed in [19],[22], [31]. Some of them will be used in

the paper and we will thus recall the proximity operators of the potentials associated with a Gamma

distribution (which is closely related to the Kullback-Leibler divergence [49]) and with a generalized

Gaussian distribution, before dealing with the Euclidean norm in dimension 2.

Example III.1 [30] Let α > 0 and set

ϕ : R → ]−∞,+∞]

η 7→





−χ ln(η) + αη, if χ > 0 and η > 0;

αη, if χ = 0 and η ≥ 0;

+∞, otherwise.

(8)
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Then, for everyη ∈ R,

proxϕη =
η − α+

√
|η − α|2 + 4χ

2
. (9)

Example III.2 [22] Let χ > 0, p ∈ [1,+∞[, and set

ϕ : R → ]−∞,+∞] : η 7→ χ|η|p. (10)

Then, for everyη ∈ R, proxϕη is given by




sign(η)max{|η| − χ, 0} if p = 1

η + 4χ
3 . 21/3

(
(ǫ− η)1/3 − (ǫ+ η)1/3

)

where ǫ =
√
η2 + 256χ3/729 if p = 4

3

η + 9χ2sign(η)
8

(
1 −

√
1 + 16|η|

9χ2

)
if p = 3

2

η
1+2χ if p = 2

sign(η)

√
1+12χ|η|−1

6χ if p = 3

(11)

wheresign denotes the signum function. In Example III.2, it can be noticed that the proximity operator

associated withp = 1 reduces to a soft thresholding.

Example III.3 [31] Let µ > 0 and set

ϕ : R
2 → R : (η1, η2) 7→ µ

√
|η1|2 + |η2|2. (12)

Then, for every(η1, η2) ∈ R
2,

proxϕ(η1, η2) =





(
1 − µ√

|η1|2+|η2|2

)
(η1, η2), if

√
|η1|2 + |η2|2 > µ;

(0, 0), otherwise.
(13)

B. Proximity operators involving a linear operator

We will now study the problem of determining the proximity operator of a functiong = Ψ ◦ T where

T : R
N → R

M is a linear operator,

Ψ: RM→ ]−∞,+∞] : (u(m))1≤m≤M 7→
M∑

m=1

ψm(u(m)) (14)

and, for everym ∈ {1, . . . ,M}, ψm ∈ Γ0(R). As will be shown next, the proximity operator of this

function can be determined in a closed form for specific casesonly. However,g can be decomposed as a

sum of functions for which the proximity operators can be calculated explicitly. Firstly, we introduce a
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property concerning the determination of the proximity operator of the composition of a convex function

and a linear operator, which constitutes a generalization of [30, Proposition 11] for separable convex

functions. The proof of the following proposition is provided in Appendix A.

Proposition III.4 LetX ∈ N
∗, Y ∈ N

∗, and let(om)1≤m≤Y be an orthonormal basis ofRY . Let Υ be

a function such that

(∀u ∈ R
Y ) Υ(u) =

Y∑

m=1

ψm(om
⊤u) (15)

where(ψm)1≤m≤Y are functions inΓ0(R). Let L be a matrix inR
Y×X such that

LL⊤
︸︷︷︸
D

=
Y∑

m=1

∆momo
⊤
m (16)

where(∆m)1≤m≤Y is a sequence of positive reals.

ThenΥ ◦ L ∈ Γ0(R
X) and, for everyv ∈ R

X

proxΥ◦Lv = v + L⊤D−1
(
proxDΥ(Lv) − Lv

)
(17)

whereDΥ is the function defined by

(∀u ∈ R
Y ) DΥ(u) =

Y∑

m=1

∆mψm
(
om

⊤u
)
. (18)

The functionΨ defined in (14) is separable in the canonical basis ofR
M . However, for an abitrary

convolutive (or decimated convolutive) operatorL = T , (16) is generally not satisfied. Nevertheless,

assume that(Ii)1≤i≤I is a partition of{1, . . . ,M} in nonempty sets. For everyi ∈ {1, . . . , I}, let Mi

be the number of elements inIi (
∑I

i=1Mi = M ) and let Υi : R
Mi → ]0,+∞[ : (u(m))m∈Ii

7→
∑

m∈Ii
ψm(u(m)). If, for every i ∈ {1, . . . ,M}, ti is the vector ofRN corresponding to thei-th row

vector ofT , we have theng =
∑I

i=1 Υi ◦ Ti whereTi is a linear operator fromRN to R
Mi associated

with a matrix
[
tm1

. . . tmMi

]⊤
(19)

andIi = {m1, . . . ,mMi
}. The following assumption will play a prominent role in the rest of the paper:

Assumption III.5 For everyi ∈ {1, . . . , I}, (tm)m∈Ii
is a family of non zero orthogonal vectors.

Then, g can be decomposed as a sum ofI functions (Υi ◦ Ti)1≤i≤I where, for everyi ∈ {1, . . . , I},

Di = TiT
⊤
i is associated with an invertible diagonal matrixDiag(∆i,1, . . . ,∆i,Mi

). According to Propo-

sition III.4, we have then, for everyy ∈ R
N ,

proxΥi◦Ti
y = y + T⊤

i D
−1
i

(
proxDiΥi

(Tiy) − Tiy
)
. (20)
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Remark III.6 1) Note that Assumption III.5 is obviously satisfied whenI = M , that is when, for

every i ∈ {1, . . . , I}, Ii reduces to a singleton.

2) It can be noticed that the application ofTi or T⊤
i reduces to standard operations in signal processing.

For example, whenT corresponds to a convolutive operator, the application ofTi consists of two

steps: a convolution with the impulse response of the degradation filter and a decimation for selected

locations (m ∈ Ii). The application ofT⊤
i also consists of two steps: an interpolation step (by

inserting zeros between data values of indicesm ∈ Ii) followed by a convolution with the filter with

conjugate frequency response.

The fundamental idea behind the previously introduced partition (Ii)1≤i≤I , is to form groups of non-

overlapping – and thus orthogonal – shifts of the convolution kernel so as to be able to compute the

corresponding proximity operators. To reduce the number ofproximity operators to be computed, one

usually wants to find the smallest integerI such that, for everyi ∈ {1, . . . , I}, (tm)m∈Ii
is an orthogonal

family. For the sake of simplicity, we will consider the caseof a 1D deconvolution problem, whereN

represents the original signal size whereasM corresponds to the degraded signal size, the extension to 2D

deconvolution problems being straightforward. Differentconfigurations concerning the impact of boundary

effects on the convolution operator will be studied: first, we will consider the case when no boundary

effect occurs. Then, boundary effects introduced by zero padding and by a periodic convolution will be

taken into account. Finally, the special case of decimated convolution will be considered.Q designates

in the sequel the length of the kernel and(θq)0≤q<Q its values.

1) One-dimensional convolutive models without boundary effect.

We typically have the following Tœplitz structure:




t⊤
1

...

t⊤M


 =




θQ−1 . . . θ1 θ0 0 . . . 0

0
.. .

. . .
. . .

...
...

.. .
. . .

. . . 0

0 . . . 0 θQ−1 . . . θ1 θ0




(21)

whereM = N −Q+ 1 ≥ Q.

In order to satisfy Assumption III.5, we can chooseI = Q and, for everyi ∈ {1, . . . , I},

Ii =
{
m ∈ {1, . . . ,M}

∣∣ (m− i) mod I = 0
}
. (22)

Hence, we have for alli ∈ {1, . . . , I},

∆i,1 = . . . = ∆i,Mi
=

Q−1∑

q=0

|θq|2. (23)
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In this case,g can be decomposed as a sum ofQ functions, whose proximity operators can be easily

calculated.

2) One-dimensional zero-padded convolutive models.

The following Tœplitz matrix is considered:




t⊤
1

...

t⊤M


 =




θ0 0 . . . . . . . . . . . . 0

θ1 θ0
. . .

...
...

. . .
. . .

. . .
...

θQ−1

. . .
. . .

. . .
...

0
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . 0

0 . . . 0 θQ−1 . . . θ1 θ0




(24)

whereM = N ≥ 2Q. In this case,I can be chosen equal toQ and the index sets(Ii)1≤i≤I are

still given by (22). However, the diagonal parameters are not all equal as in the previous example.

We have indeed, for everyi ∈ {1, . . . , I},




∆i,1 =
∑i−1

q=0 |θq|2

∆i,2 = . . . = ∆i,Mi
=

∑Q−1
q=0 |θq|2.

(25)

3) One-dimensional periodic convolutive models.

In this case, a matrix having a circulant structure [50] is involved:




t⊤
1

...

t⊤M


 =




θ0 0 . . . 0 θQ−1 . . . θ1

θ1 θ0
. . .

. . .
. . .

...
...

. . .
. . .

. . . θQ−1

θQ−1

. . .
. . . 0

0
. . .

. . .
. . .

...
...

. . .
. . .

. . . 0

0 . . . 0 θQ−1 . . . θ1 θ0




(26)

whereM = N ≥ Q. In order to satisfy Assumption III.5, we subsequently setI = min{i ≥ Q |
(M − i) mod Q = 0} and, for everyi ∈ {1, . . . , I},

Ii =





{i} if i ≤ Q− 1

{
m ∈ {Q, . . . ,M}

∣∣ (m− i) mod Q = 0
}

otherwise.

(27)

February 23, 2011 DRAFT



11

The diagonal parameters are then given by (23).

Another choice which was made in [1] is to setI = min{i ≥ Q | M mod i = 0} and to proceed

as in (22) and (23). This solution may be preferred due to its simplicity, when the resulting value

of I is small.

4) One-dimensionald-decimated zero-padded convolutive models.

We get the following matrix ofRM×N whereN = Md ≥ 2Q.




t⊤
1

...

t⊤M


 =




θd−1 . . . θ0 0 . . . . . . . . . . . . . . . . . . 0

θ2d−1 . . . θd−1 . . . θ0 0 . . . . . . . . . . . . 0
...

. ..
. . .

. . .
. . .

...
. . .

. . .
. . .

. . .
...

0
...

...
. . .

. . .
...

...
. ..

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . . 0

0 . . . . . . 0 θQ−1 . . . θ2d−1 . . . θd−1 . . . θ0




. (28)

In order to satisfy Assumption III.5, we subsequently setI =
⌈Q
d

⌉
and the index sets(Ii)1≤i≤I are

still given by (22). We have indeed, for everyi ∈ {1, . . . , I},




∆i,1 =
∑min(id,Q)−1

q=0 |θq|2

∆i,2 = . . . = ∆i,Mi
=

∑Q−1
q=0 |θq|2.

(29)

Note that, whend ≥ Q, (tm)m∈{1,...,M} is an orthogonal family, and thusI = 1.

Remark III.7 In the previous example (the non-decimated example being a special case whend = 1),

the computational complexity of applying each operatorTi or T⊤
i with i ∈ {1, . . . , I} is O(Md) and we

have aboutQ/d proximity operatorsproxΥi◦Ti
to compute. Assuming a complexityO(Mi) for computing

proxDiΥi
, the overall computational complexity isO(M(2Q + 1)). In turn, if we chooseI = M , the

complexity of computation ofTi or T⊤
i is O(Q), but we have aboutM proximity operatorsproxΥi◦Ti

to compute. Thus, the overall computational complexity remains of the same order as previously. This

means that limiting the number of proximity operators to be computed has no clear advantage in terms

of computational complexity, but it allows us to reduce the memory requirement (gain of a factorMd/Q

for the storage of the results of the proximity operators).

February 23, 2011 DRAFT



12

C. Discrete forms of total variation and associated proximity operator

Total variation [51] represents a powerful regularity measure in image restoration for recovering

piecewise homogeneous areas with sharp edges [52], [53], [54], [55], [56]. Different versions of discretized

total variation can be found in the literature [51], [57], [31]. Our objective here is to consider discrete

versions for which the proximity operators can be easily computed. The main idea will be to split the

total variation term in a sum of functions the proximity operators of which have a closed form. The

considered form of the total variation of a digital imagey = (yn1,n2
)0≤n1<N1,0≤n2<N2

∈ R
N1×N2 is

tv(y) =

N1−P1∑

n1=0

N2−P2∑

n2=0

ρtv

(
(yh)n1,n2

, (yv)n1,n2

)
, (30)

whereρtv ∈ Γ0(R
2), andyh andyv are two discrete gradients computed in orthogonal directions through

FIR filters with impulse responses of sizeP1 × P2. More precisely, in the above expression, we have




(yh)n1,n2
= tr(H⊤Yn1,n2

)

(yv)n1,n2
= tr(V ⊤Yn1,n2

)

(31)

whereH ∈ R
P1×P2 andV ∈ R

P1×P2 are the filter kernel matrices here assumed to have unit Frobenius

norm, and for every(n1, n2) ∈ {0, . . . , N1−P1}×{0, . . . , N2−P2}, Yn1,n2
= (yn1+p1,n2+p2)0≤p1<P1,0≤p2<P2

denotes a block ofP1 × P2 neighbouring pixels. Since the proximity operator associated with the so-

defined total variation does not take a simple expression in general, (30) can be split in “block terms”

by following an approach similar to that in Section III-B:

(∀y ∈ R
N1×N2) tv(y) =

P1−1∑

p1=0

P2−1∑

p2=0

tvp1,p2(y) (32)

where, for everyp1 ∈ {0, . . . , P1 − 1} andp2 ∈ {0, . . . , P2 − 1},

tvp1,p2(y) =

⌊
N1−p1

P1
⌋−1∑

n1=0

⌊
N2−p2

P2
⌋−1∑

n2=0

ρtv

(
(yh)

p1,p2
n1,n2

, (yv)
p1,p2
n1,n2

)
(33)

and the notation(·)p1,p2n1,n2 = (·)P1n1+p1,P2n2+p2 has been used. A closed form expression for the proximity

operator of the latter function can be derived as shown below(the proof is provided in Appendix B).

Proposition III.8 Under the assumption thattr(HV ⊤) = 0, for every

y = (yn1,n2
)0≤n1<N1,0≤n2<N2

∈ R
N1×N2

andµ > 0, we have

(∀(p1, p2) ∈ {0, . . . , P1 − 1} × {0, . . . , P2 − 1}) proxµtvp1,p2
y = (πn1,n2

)0≤n1<N1,0≤n2<N2
(34)
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where, for every(n1, n2) ∈ {0, . . . , ⌊N1−p1
P1

⌋ − 1} × {0, . . . , ⌊N2−p2
P2

⌋ − 1},

(πP1n1+p1+p′1,P2n2+p2+p′2)0≤p′1<P1,0≤p′2<P2
= (βp1,p2n1,n2

− hp1,p2n1,n2
)H + (κp1,p2n1,n2

− vp1,p2n1,n2
)V + Y p1,p2

n1,n2
(35)

with

hp1,p2n1,n2
= tr(H⊤Y p1,p2

n1,n2
), vp1,p2n1,n2

= tr(V ⊤Y p1,p2
n1,n2

) (36)

(βp1,p2n1,n2
, κp1,p2n1,n2

) = proxµ ρtv(h
p1,p2
n1,n2

, vp1,p2n1,n2
), (37)

and (∀(n1, n2) ∈ {0, . . . , N1 − 1} × {0, . . . , N2 − 1})

πn1,n2
= yn1,n2

if





n1 < p1 or

n2 < p2 or

n1 ≥ P1⌊N1−p1
P1

⌋ or

n2 ≥ P2⌊N2−p2
P2

⌋.

(38)

The result in Proposition III.8 basically means that, for a given value of(p1, p2) ∈ {0, . . . , P1 − 1} ×
{0, . . . , P2 − 1}, the image is decomposed into non-overlapping blocksY p1,p2

n1,n2 =

(yP1n1+p1+p′1,P2n2+p2+p′2)0≤p′1<P1,0≤p′2<P2
of P1 × P2 pixels. Eq. (35) then provides the expression of

the proximity operator associated with each one of these blocks, whereas (38) deals with boundary

effects.

Remark III.9 The above result offers some degrees of freedom in the definition of the discretized total

variation for the choices of the functionρtv and of the gradient filters.

• Two classical choices for the functionρtv [51] are the following:

1) If ρtv : (η1, η2) 7→ |η1| + |η2| then, an anisotropic form is obtained. According to ExampleIII.2,

(37) reduces to 



βp1,p2n1,n2 = sign(hp1,p2n1,n2)max(|hp1,p2n1,n2 | − µ, 0)

κp1,p2n1,n2 = sign(vp1,p2n1,n2)max(|vp1,p2n1,n2 | − µ, 0).

(39)

2) If ρtv : (η1, η2) 7→
√

(η1)2 + (η2)2, then the standard isotropic form is found. The proximity

operator involved in (37) is given in Example III.3.

• Some examples of kernel matricesH andV satisfying the assumptions of Proposition III.8 are as

follows:

1) Roberts filters such thatH =



−1/
√

2 0

0 1/
√

2



 andV =



 0 −1/
√

2

1/
√

2 0



 were investigated in

[31].
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2) Finite difference filters can be used, which are such thatH = V ⊤ =




0 0 0

−1/
√

2 0 1/
√

2

0 0 0


.

3) Prewitt filters also satisfy the required assumptions. They are defined by

H = V ⊤ =




−1/
√

6 0 1/
√

6

−1/
√

6 0 1/
√

6

−1/
√

6 0 1/
√

6


.

4) Sobel filters such that

H = V ⊤ =




−1/
√

12 0 1/
√

12

−2/
√

12 0 2/
√

12

−1/
√

12 0 1/
√

12


 are possible choices too.

IV. PROPOSED ALGORITHM

In the class of convex optimization methods, an algorithm recently proposed in [31] appears well-suited

to solve the class of the minimization problems formulated as in Problem (5). However, when synthesis

frame representations are considered (Problem (6)) and when the function numberS is large, the frame

analysis and synthesis operators have to be applied severaltimes in the algorithm which induces a long

computation time. In this section, we briefly recall the Parallel ProXimal Algorithm and its convergence

properties. Then, we propose an improved version of PPXA to efficiently solve Problem (6).

A. Parallel ProXimal Algorithm (PPXA)

An equivalent formulation of the convex optimization problem (5) is:

Find x̂ ∈ Argmin
x1∈R

K ,...,xJ∈R
K

x=x1=...=xJ

J∑

j=1

fj(xj). (40)

This formulation was used in [31] to derive Algorithm 1.

PPXA involves real constantsγ and (ωj)1≤j≤J , and, at each iterationℓ ∈ N, a relaxation parameter

λℓ. It also includes possible error terms(aj,ℓ)1≤j≤J in the computation of the proximity operators, which

shows the numerical stability of the algorithm. The sequence (xℓ)ℓ≥1 generated by Algorithm 1 can be

shown to converge to a solution to Problem (40) (or equivalently to Problem (5)) under the following

assumption [31].

Assumption IV.1

1) lim‖x‖→+∞ f1(x) + . . . + fJ(x) = +∞.
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Algorithm 1 General form of PPXA
Setγ ∈ ]0,+∞[.

For everyj ∈ {1, . . . , J}, set(ωj)1≤j≤J ∈]0, 1]J such that
∑J

j=1 ωj = 1.

Set (uj,0)1≤j≤J ∈ (RK)J andx0 =
∑J

j=1 ωjuj,0.

For ℓ = 0, 1, . . .

For j = 1, . . . , J

⌊ pj,ℓ = proxγfj/ωj
uj,ℓ + aj,ℓ

pℓ =
∑J

j=1 ωjpj,ℓ

Setλℓ ∈ ]0, 2[

For j = 1, . . . , J

⌊ uj,ℓ+1 = uj,ℓ + λℓ (2 pℓ − xℓ − pj,ℓ)

xℓ+1 = xℓ + λℓ (pℓ − xℓ)

2) ∩Jj=1rint dom fj 6= ∅.2

3) (∀j ∈ {1, . . . , J}) ∑
ℓ∈N

λℓ ‖aj,ℓ‖ < +∞.

4)
∑

ℓ∈N
λℓ (2 − λℓ) = +∞.

Remark IV.2 The fact that the algorithm involves several parameters should not be viewed as a weakness

since the convergence is guaranteed for any choice of these parameters under the previous assumption.

These parameters bring out flexibility in PPXA in the sense that an appropriate choice of them (typical

values will be indicated in Section V-B) may be beneficial to the convergence speed.

Consider now Problem (6) where a tight frame is employed (F⊤F = ν Id). By setting (∀j ∈
{1, . . . , S}) fj = gj ◦ F⊤ and by invoking Proposition III.4 withL = F⊤ andD = ν Id, the iterations

of Algorithm 1 become as described in Algorithm 2.

However, the first loop can be costly in terms of computational complexity because it requires to apply

S times the operatorsF andF⊤ at each iteration. We will now see how it is possible to speed up these

iterations.

2The relative interior of a setS of R
X is designated byrintS and the domain of a functionf : R

X →] − ∞, +∞] is

dom f = {x ∈ R
X |f(x) < +∞}.
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Algorithm 2 PPXA iterations for Problem (6)
For ℓ = 0, 1, . . .

For j = 1, . . . , S

⌊ pj,ℓ = uj,ℓ+

1
νF

(
proxνγgj/ωj

(F⊤uj,ℓ) − F⊤uj,ℓ
)

+ aj,ℓ

For j = S + 1, . . . , J

⌊ pj,ℓ = proxγfj/ωj
uj,ℓ + aj,ℓ

pℓ =
∑J

j=1 ωjpj,ℓ

Setλℓ ∈ ]0, 2[

For j = 1, . . . , J

⌊ uj,ℓ+1 = uj,ℓ + λℓ (2 pℓ − xℓ − pj,ℓ)

xℓ+1 = xℓ + λℓ(pℓ − xℓ)

B. Accelerated version of PPXA

In Algorithm 3, we propose an adaptation of PPXA in order to reduce its computational load by

limiting the number of times the operatorsF andF⊤ are applied. Details concerning the derivation of

this algorithm can be found in Appendix C.

Let us make the following assumption:

Assumption IV.3

1) lim‖x‖→+∞ g1(F
⊤x) + . . .+ gS(F⊤x)+

fS+1(x) + . . . + fJ(x) = +∞.

2)
(
∩Sj=1 rint dom (gj ◦ F⊤)

)

⋂ (
∩Jj=S+1 rint dom fj

)
6= ∅.

3) (∀j ∈ {1, . . . , S}) ∑
ℓ∈N

λℓ ‖ãj,ℓ‖ < +∞ and(∀j ∈ {S + 1, . . . , J}) ∑
ℓ∈N

λℓ ‖aj,ℓ‖ < +∞.

4)
∑

ℓ∈N
λℓ (2 − λℓ) = +∞.

Then, Algorithm 3 converges to a solution to Problem (6). In addition, this algorithm requires only 3

applications ofF or F⊤ at each iteration. Hence, a gain w.r.t. Algorithm 2 is obtained as soon asS ≥ 2.

This fact will be illustrated by our simulation results in Section V-B1.
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Algorithm 3 Accelerated PPXA
Let γ ∈ ]0,+∞[.

For everyj ∈ {1, . . . , J}, set(ωj)1≤j≤J ∈]0, 1]J such that
∑J

j=1 ωj = 1.

Set (uj,0)1≤j≤J ∈ (RK)J andx0 =
∑J

j=1 ωjuj,0.

For everyj ∈ {1, . . . , S}, setvj,0 = F⊤uj,0 andu⊥j,0 = uj,0 − 1
νFvj,0.

For ℓ = 0, 1, . . .

For j = 1, . . . , S

⌊ qj,ℓ = 1
νproxνγgj/ωj

vj,ℓ + ãj,ℓ

For j = S + 1, . . . , J

⌊ pj,ℓ = proxγfj/ωj
uj,ℓ + aj,ℓ

pℓ =
∑S

j=1 ωju
⊥
j,ℓ

+F
∑S

j=1 ωjqj,ℓ +
∑J

j=S+1 ωjpj,ℓ

rℓ = 2 pℓ − xℓ; r̃ℓ = F⊤rℓ; r⊥ℓ = rℓ − 1
νF r̃ℓ

Setλℓ ∈ ]0, 2[

For j = 1, . . . , S u⊥j,ℓ+1 = u⊥j,ℓ + λℓ (r⊥ℓ − u⊥j,ℓ)

vj,ℓ+1 = vj,ℓ + λℓ (r̃ℓ − νqj,ℓ)

For j = S + 1, . . . , J

⌊ uj,ℓ+1 = uj,ℓ + λℓ (rℓ − pj,ℓ)

xℓ+1 = xℓ + λℓ(pℓ − xℓ)

V. A PPLICATION TO RESTORATION

A. Hybrid regularization

In restoration problems, one of the terms in the criterion tobe minimized usually is a fidelity term

measuring some distance between the image degraded by the operatorT and the observed dataz. We will

assume that this function takes the formg = Ψ◦T whereΨ ∈ Γ0(R
M ). In the case of data corrupted by a

additive zero-mean white Gaussian noise with varianceα, a standard choice forΨ is a quadratic function

such thatΨ = 1
2α‖ · −z‖2. Then, the associated proximity operator ofg can be computed explicitly (see

[31]). In the case of data contaminated by an independent Poisson noise with scaling parameterα, a

standard choice isΨ = DKL(z, α ·) whereDKL is the generalized Kullback-Leibler divergence [49],
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[58], [59], [30], [40], [39], [60] such that,

(
∀u = (u(m))1≤m≤M ∈ R

M
)
, Ψ(u) =

M∑

m=1

ψm(u(m)) (41)

and

ψm(u(m)) =





αu(m) − z(m) + z(m) ln
(
z(m)

αu(m)

)

if z(m) > 0 andu(m) > 0,

αu(m) if z(m) = 0 andu(m) ≥ 0,

+∞ otherwise.

(42)

The proximity operator ofΨ can then be derived from Example III.1.

Concerning regularization functions, a standard choice ofpenalty function in the wavelet domain is:

(∀x = (x(k))1≤k≤K ∈ R
K), Φ(x) =

∑K
k=1 φk(x

(k)) where, for everyk ∈ {1, . . . ,K}, φk is a finite

function of Γ0(R) such thatlim|x(k)|→+∞ φk(x
(k)) = +∞. Power functions as in Example III.2 are

often chosen for(φk)1≤k≤K (see e.g. [15], [22]). The main problem with wavelet regularization is the

occurence of some visual artefacts (e.g. ringing artefacts), some of which can be reduced by increasing the

redundancy of the representation. Another popular type of regularization that can be envisaged consists

of employing a total variation measure [51]. Its major drawback is the generation of staircase-like effects

in the recovered images. To combine the advantages of both regularizations, we propose to:

Find x̂ ∈ Argmin
x∈RK

Ψ(TF⊤x) + µ tv(F⊤x) + ιC(F⊤x) + ϑ Φ(x). (43)

As already mentioned,Φ corresponds to the regularization term operating in the wavelet domain.tv

represents a discrete total variation term as defined by (30). Finally, ιC is the indicator function of a

nonempty closed convex setC of R
N (for example, related to support or value range contraints). This

kind of objective function was also recently investigated in [31] but the approach was restricted to the

use of a quadratic data fidelity term and of a specific form of the total variation term.

The non-negative real parametersϑ andµ control the degree of smoothness in the wavelet and in the

space domains, respectively.

The main difficulty in applying Algorithm 1 to our restoration problem is that it requires to compute

the proximity operators associated with each of the four terms in (43). In general, closed forms of

the proximity operators are known only for the indicator function ιC and for Φ [22]. However, as

explained in Section III-B, provided that the functionΨ is separable, the data fidelity term can be

decomposed as a sum ofI functions(Υi ◦Ti)1≤i≤I for which the proximity operators can be calculated

according to (20). Similarly, by using the results in Section III-C, the tv function can be split inP1P2
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functions (tvp1,p2)0≤p1<P1,0≤p2<P2
, the proximity operators of which are given by Proposition III.8.

Algorithm 3 can then be applied withS = I + P1P2 + 1 andJ = I + P1P2 + 2. In the present case,

it can be noticed that ifϑ > 0, Assumption IV.3 1) is satisfied. In addition, Assumption IV.3 2) is

fulfilled
(
∩Ii=1

{
y ∈ R

N
∣∣ Tiy ∈ rint dom Υi

}) ⋂
rintC 6= ∅ (sincedom Φ = R

K and (∀(p1, p2) ∈
{0, . . . , P1 − 1} × {0, . . . , P2 − 1}) dom tvp1,p2 = R

N ). This condition is verified if]0,+∞[M⊂ dom Ψ

andC = [0, 255]N since for everyi ∈ {1, . . . , I}, Ti has been assumed non-negative real valued in

Section II-A, and with non-zero lines (see Assumption III.5).

B. Experimental results for convolved data in the presence of Poisson noise

In our simulations, we will be first interested in studying the performance in terms of convergence rate

of the accelerated version of PPXA. Algorithms 2 and 3 are implemented by settingγ = 50, λℓ ≡ 1.6

and, for everyj ∈ {1, . . . , J},

ωj =





1
4I if 1 ≤ j ≤ I

1
4P1P2

if I + 1 ≤ j ≤ I + P1P2

1
4 otherwise

(44)

if (gj)1≤j≤I are the functions corresponding to the decomposition of thedata fidelity term and

(gj)I+1≤j≤I+P1P2
correspond to the decomposition oftv. The weights are thus chosen to provide

equal contributions to the four functions in Criterion (42). For the first and second functions which are

splitted, the corresponding 1/4 weight is further subdivided in a uniform manner. Note however that the

behaviour of the algorithm did not appear to be very sensitive to an accurate choice of these parameters.

A comparison between the different total variation regularization terms defined in Section IV-B will

also be made. Another discussion will be held concerning theboundary effects. Two cases will be

considered: the use of a periodic convolution and then, of a convolution with zero-padding. Results for a

decimated convolution will also be presented. Finally, theinterest in combining total variation and wavelet

regularization terms will be shown with respect to classical regularizations. A tight frame version of the

dual-tree transform (DTT) proposed in [14] (ν = 2) using Symlets of length 6 over 3 resolution levels

is employed. We choose potential functions of the form: for every k ∈ {1, . . . ,K}, φk = χk| · |pk where

χk > 0 andpk ∈ {1, 4/3, 3/2, 2}, the proximity operators of which are given by Example III.2.

1) Convergence rate comparison between PPXA and its accelerated version:Table I gives the iteration

numbers and the CPU times for the original PPXA algorithm andthe proposed accelerated one in order

to reach convergence when considering different image sizes (“Sebal”:N = 128 × 128, “Peppers”:
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N = 256 × 256 and “Marseille”:N = 512 × 512) and various kernel blur sizes. The stopping criterion

is based on the relative error between the objective function computed at the current iteration and at

the previous one.3 The stopping tolerance has been set to10−3. These results have been obtained with

an Intel Core2 6700, 2.66 GHz. The last line of Table I illustrates the gain in CPU-time when using

Algorithm 3. Moreover, in Figure 1, the mean square error on the image iterates‖F⊤(xn−x̂)‖2 is plotted

as a function of computation time, where(xn)n>0 denotes the sequence generated by Algorithm 2 or

Algorithm 3.

Image size 128 × 128 256 × 256 512 × 512

(uniform) blur size 3 × 3 7 × 7 3 × 3 7 × 7 3 × 3 7 × 7

Iteration numbers 30 50 41 50 50 50

CPU time (in second) 117.2 633.0 411.7 1298 1458 4514

CPU time - accelerated version (in second)13.53 29.82 60.59 89.48 263.6 405.0

Gain 8.67 21.2 6.79 14.5 5.53 11.1

TABLE I

COMPARISONS BETWEENPPXA AND ITS ACCELERATED VERSION.
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Fig. 1. Convergence profiles of the Algorithm 2 (dotted line)and Algorithm 3 (solid line) versus computation time in seconds

for a 3 × 3 uniform blur (left) and a7 × 7 uniform blur (right) and a128 × 128-image.

It can be noticed that the larger the kernel blur size is, the higher the gain is. This is due to the fact

that the number of proximity operators to compute increaseswith the kernel size.

3The relative error was evaluated based on Criterion (43) where the indicator function was discarded.
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2) Comparison between different forms of total variation:In Section III-C, we have introduced the

proximity operator associated with discretized total variation functions and the possibility of choosing

various filters has been mentioned. In Figure 2, tests have been carried out on “Peppers” degraded by

a 3 × 3 uniform blur and corrupted by Poisson noise with scaling parameterα = 0.1. We compare

the restored images for different kinds of total variation,in terms of Signal to Noise Ratio – SNR and

structural similarity measure – SSIM [61]. The SSIM takes a value between -1 to 1, the maximum value

being obtained for two identical images. Each curve represents the resulting SNR and SSIM versusµ (the

regularization parameter related to the total variation),for a given form oftv (i.e. a given filter associated

with either an isotropic or anisotropic functionρtv). A small wavelet regularization parameterϑ = 10−3

has been chosen in order to better illustrate the influence ofthe differenttv forms on restoration quality.
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Fig. 2. SNR (left) and SSIM (right) for different total variation terms with respect toµ. Roberts: thin-black line, Finite

difference: thick-black, Prewitt: thick-gray,ρtv =
p

| · |2 + | · |2: solid line andρtv = | · | + | · |: dashed line

It can be concluded from Figure 2 that the choice of the gradient filters and of the form (isotropic/aniso-

tropic) ofρtv has a significant influence on the restoration quality when the wavelet regularization is small.

However, we also noticed in our numerical experiments that when the wavelet regularization parameter

ϑ becomes larger, the choice of thetv form has a lower influence on the restoration quality provided

that the regularization parameters are appropriately chosen.

3) Boundary effects on restored images:This section illustrates the influence of boundary effect

processing. More precisely, we degraded an extended version of “Boat” image by a7 × 7 uniform blur,

and the resulting blurred image was cropped to create an image of size256×256. As a consequence, the

boundary values are functions of pixel locations which are no longer present in the blurred image. The

scaling parameter associated with Poisson noise isα = 0.5. The objective is then to restore the image

(which was centered) by using one of the convolution models discussed in Section III-B, namely either
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a periodic convolution or a convolution with zero-padding.Visual and quantitative results are given in

Figure 3.

SNR = 16.9 dB - SSIM = 0.62 SNR = 17.7 dB - SSIM = 0.64

Fig. 3. Periodic (left) and zero-padded (right) restoration.

As it can be noticed from this figure, the periodic convolution model introduces significant boundary

artefacts unlike the convolution with zero-padding. The results obtained when considering “Peppers” led

to the same conclusion. For “Sebal”, zero-padding or periodic models provided similar results.

4) Decimated convolution:We now present experimental results for a256×256 SPOT image degraded

by a uniform decimated blur with a kernel sizeQ = 3 × 3 and a decimated factord = 2. The scaling

parameter of the Poisson noise is equal toα = 1. Due to the structure of the degradation operator, the

data fidelity is splitted in a sum ofI = 4 functions. The results are presented in Figure 4 where the good

behaviour of the model can be observed.

Original Degraded Restored(ϑ = 1, µ = 10−3)

SNR = 16.1 - SSIM = 0.79

Fig. 4. Restoration results for “Spot” image.
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5) Influence of each regularization term:We now present numerical and visual results for the different

kinds of regularization when a generalized Kullback-Leibler divergence is used as a data fidelity term.

This experiment allows us to compare the hybrid regularization with existing approaches based on a

wavelet-frame [40] regularization or a total variation regularization [39], [40]. The latter regularized

solutions can be computed either by using augmented Lagrangian techniques [39], [40] or with our

splitting approach (by settingϑ = 0 or µ = 0). In our experiments, the computation time of the two

approaches was observed to be similar. Note that comparisons performed in [40] led to the conclusion that

the wavelet-frame regularization is quite competitive with respect to other existing restoration methods

[34].

In the images displayed in Figures 5, 6, and 7, one can observethe artefacts related to the wavelet

regularization, the staircase effects which are typical ofthe total variation penalization, some checkerboard

patterns resulting of the chosen gradient discretization,and also the benefits which can be drawn from

the use of a hybrid regularization.

Similarly to [40], the values ofµ andϑ have been adjusted so as to maximize the SNR. Optimizing

the hyperparameters manually as we did is a common practice in imaging applications, especially when

a data set of test images having similar characteristics as the one to be restored (medical images, satellite

images,...) is available. Automatic methods for the optimization of the hyperparameters can also be

found in the literature such as cross-validation [62], Stochastic EM [63], MCMC [64], [65] or Stein-

based methods [66]. These automatic procedures often are relatively intensive. They will not be addressed

in this paper due to the lack of space.

VI. CONCLUSION

A new convex regularization approach to restore data degraded by a (possibly decimated) convolution

operator and a non necessarily additive noise has been proposed. The main advantages of the method are (i)

to deal directly with the “true” noise likelihood (i.e. the Kullback-Leibler divergence in the case of Poisson

noise) without requiring any approximation of it; (ii) to permit the use of sophisticated regularization

functions, e.g. one promoting sparsity in a wavelet frame domain and a total variation penalization. In

addition, the proposed algorithm has a parallel structure which makes it easily implementable on multicore

architectures. Numerical and visual results demonstrate the effectiveness of the proposed approach. One

can note that, even if the paper is devoted to the case of convolutive operators, this approach could be

generalized to more general linear operators.

Note that the primal-dual approaches [67], [68], [69], [70], [71] can offer alternative solutions to the
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Degraded,α = 0.1 and uniform blur3 × 3 Total variation regularization

SNR = 8.88 dB - SSIM = 0.69 SNR = 11.2 dB - SSIM = 0.79

Hybrid regularization(ϑ = 0.09, µ = 0.006) Wavelet-frame regularization

SNR= 12.4 dB - SSIM= 0.85 SNR= 11.7 dB - SSIM= 0.83

Fig. 5. Restoration results for “Sebal” image.

ones developed in this paper. However, one of the advantagesof PPXA is that it easily leads to efficient

parallel implementations

APPENDIX A

PROOF OFPROPOSITIONIII.4

SinceD = LL⊤ is the matrix associated with a bijective operator,L is associated with a surjective

one anddom Υ 6= ∅ ⇒ dom (Υ ◦ L) 6= ∅. This allows us to conclude thath = Υ ◦ L is a function of

Γ0(R
X).

To calculate the proximity operator ofh, we now come back to the definition of this operator. We have

thus, for everyw ∈ R
X ,

proxhw = arg min
v∈RX

1

2
‖v − w‖2 + Υ(Lv). (45)
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Degraded,α = 0.1 and uniform blur3 × 3 Total variation regularization

SNR = 11.2 dB - SSIM = 0.27 SNR = 17.8 dB - SSIM = 0.60

Hybrid regularization(ϑ = 0.06, µ = 0.011) Wavelet-frame regularization

SNR=18.8 dB - SSIM=0.67 SNR=18.0 dB - SSIM= 0.62

Fig. 6. Restoration results for “Boat” image.

We can write any vectorv ∈ R
X as a sum of an elementL⊤t ∈ ranL⊤ andv⊥ ∈ (ranL⊤)⊥ = kerL.

We have thenLv = LL⊤t = Dt. Similarly, we can writew = L⊤u+w⊥ whereu ∈ R
Y andw⊥ ∈ kerL.

So,proxhw can be determined by finding

min
(t,v⊥)∈RY ×RX

1

2
‖L⊤t+ v⊥ − L⊤u− w⊥‖2 + Υ(Dt)

= min
(t,v⊥)∈RY ×RX

1

2
‖L⊤(t− u)‖2 +

1

2
‖v⊥ −w⊥‖2 + Υ(Dt). (46)

This yields

v⊥ = w⊥ = w − L⊤u (47)
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Degraded,α = 0.1 and uniform blur3 × 3 Total variation regularization

SNR = 11.4 dB - SSIM = 0.16 SNR = 22.1 dB - SSIM = 0.69

Hybrid regularization(ϑ = 0.2, µ = 0.006) Wavelet-frame regularization

SNR = 22.7 dB - SSIM = 0.74 SNR= 21.4 dB - SSIM = 0.68

Fig. 7. Restoration results for “Peppers” image.

and it remains to find

min
t∈RY

1

2
‖L⊤(t− u)‖2 + Υ(Dt)

= min
t∈RY

1

2
(t− u)⊤D(t− u) + Υ(Dt). (48)

By using the separability ofΥ, this is equivalent to finding

min
t∈RY

Y∑

m=1

1

2
∆m(om

⊤t− om
⊤u)2 + ψm(∆mom

⊤t). (49)

It can be deduced from [19, Lemma 2.6] that, for everym ∈ {1, . . . , Y },

om
⊤t = prox 1

∆m
ψm(∆m·)(om

⊤u)

=
1

∆m
prox∆mψm

(∆m om
⊤u), (50)
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which, according to [22, Proposition 2.10], leads to

t = D−1
Y∑

m=1

prox∆mψm
(∆mom

⊤u) om

= D−1proxDΥ(Du). (51)

Altogether, (47) and (51) yield

v = w + L⊤
(
D−1proxDΥ(Du) − u

)
.

In addition, sinceL⊤u is the projection ofw ontoranL⊤, u = (LL⊤)−1Lw = D−1Lw and (17) follows.

APPENDIX B

PROOF OFPROPOSITIONIII.8

By using the proximity operator definition (7),

π = proxµtvp1,p2
(y)

minimizes

1

2
‖π−y‖2 + µtvp1,p2(π)

=
1

2

∑

(n1,n2)∈B

(πn1,n2
− yn1,n2

)2

+

⌊N1−p1
P1

⌋−1∑

n1=0

⌊N2−p2
P2

⌋−1∑

n2=0

{1

2
‖Πp1,p2

n1,n2
− Y p1,p2

n1,n2
‖2
F

+ µ ρtv

(
tr(H⊤Πp1,p2

n1,n2
), tr(V ⊤Πp1,p2

n1,n2
)
)}

(52)

where‖·‖F denotes the Frobenius norm, for every(n1, n2) ∈ {0, . . . , ⌊N1−p1
P1

⌋−1}×{0, . . . , ⌊N2−p2
P2

⌋−1},

Πp1,p2
n1,n2

= (πP1n1+p1+p′1,P2n2+p2+p′2)0≤p′1<P1,0≤p′2<P2
(53)

and

B = {(n1, n2) ∈ N
2 | 0 ≤ n1 < p1 or 0 ≤ n2 < p2

or P1⌊
N1 − p1

P1
⌋ ≤ n1 < N1

or P2⌊
N2 − p2

P2
⌋ ≤ n2 < N2}. (54)
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It is then clear that (38) holds since the variablesπn1,n2
with (n1, n2) ∈ B are not elements of the

matricesΠp1,p2
n1,n2 with n1 ∈ {0, . . . , ⌊N1−p1

P1
⌋ − 1} andn2 ∈ {0, . . . , ⌊N2−p2

P2
⌋ − 1}. In addition, since it

has been assumed thattr(H⊤V ) = 0 and ‖H‖F = ‖V ‖F = 1, the matricesΠp1,p2
n1,n2 andY p1,p2

n1,n2 can be

decomposed in an orthogonal manner as follows:




Πp1,p2
n1,n2 = βp1,p2n1,n2H + κp1,p2n1,n2V + (Πp1,p2

n1,n2)
⊥

Y p1,p2
n1,n2 = hp1,p2n1,n2H + vp1,p2n1,n2V + (Y p1,p2

n1,n2 )
⊥

(55)

where

βp1,p2n1,n2
= tr(H⊤Πp1,p2

n1,n2
),

κp1,p2n1,n2
= tr(V ⊤Πp1,p2

n1,n2
), (56)

(Πp1,p2
n1,n2

)⊥ = Πp1,p2
n1,n2

− βp1,p2n1,n2
H − κp1,p2n1,n2

V,

(Y p1,p2
n1,n2

)⊥ = Y p1,p2
n1,n2

− hp1,p2n1,n2
H − vp1,p2n1,n2

V, (57)

and (hp1,p2n1,n2 , v
p1,p2
n1,n2) is given by (36). After some simplications, we have thus to minimize, for every

n1 ∈ {0, . . . , ⌊N1−p1
P1

⌋ − 1} andn2 ∈ {0, . . . , ⌊N2−p2
P2

⌋ − 1},

1

2
‖Πp1,p2

n1,n2
− Y p1,p2

n1,n2
‖2
F + µ ρtv

(
tr(H⊤Πp1,p2

n1,n2
), tr(V ⊤Πp1,p2

n1,n2
)
)

=
1

2
‖(Πp1,p2

n1,n2
)⊥ − (Y p1,p2

n1,n2
)⊥‖2

F

+
1

2
(βp1,p2n1,n2

− hp1,p2n1,n2
)2

+
1

2
(κp1,p2n1,n2

− vp1,p2n1,n2
)2

+ µ ρtv

(
βp1,p2n1,n2

, κp1,p2n1,n2

)
. (58)

This shows that (37) is satisfied and that(Πp1,p2
n1,n2)

⊥ = (Y p1,p2
n1,n2 )

⊥. Eq. (35) straightforwardly follows.

APPENDIX C

DERIVATION OF ALGORITHM 3

Let ΠF denote the projector onranF . For everyu ∈ R
K , we have

u = ΠFu+ u⊥ (59)

whereu⊥ ∈ (ranF )⊥ is the projection error and there existsq ∈ R
N such that

ΠFu = Fq. (60)
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By combining this with the fact thatF⊤u⊥ = 0, we obtain the relation,

q =
1

ν
F⊤ (61)

which allows us to deduce from (59) that

u⊥ = u− 1

ν
FF⊤u.

Now, consider the first step of Algorithm 2:(∀j ∈ {1, . . . , S})

pj,ℓ = uj,ℓ +
F

ν
(proxνγgj/ωj

(F⊤uj,ℓ) − F⊤uj,ℓ) + aj,ℓ (62)

whereaj,ℓ is assumed to belong toranF , i.e. aj,ℓ = F ãj,ℓ with ãj,ℓ ∈ R
N . Definingqj,ℓ ∈ R

N similarly

to (60) yieldsΠF pj,ℓ = Fqj,ℓ. According to (61),qj,ℓ is such that

qj,ℓ =
1

ν
F⊤pj,ℓ. (63)

By combining (62) and (63),

qj,ℓ =
1

ν
proxνγgj/ωj

(vj,ℓ) + ãj,ℓ wherevj,ℓ = F⊤uj,ℓ. (64)

Moreover, sincepj,ℓ = Fqj,ℓ + p⊥j,ℓ, the computation of the variablepℓ =
∑J

j=1 ωjpj,ℓ in Algorithm 2

can be rewritten as

pℓ = F

S∑

j=1

ωjqj,ℓ +

S∑

j=1

ωjp
⊥
j,ℓ +

J∑

j=S+1

ωjpj,ℓ (65)

where, according to (59), (60), (62) and (64),

p⊥j,ℓ = uj,ℓ −
1

ν
FF⊤uj,ℓ = u⊥j,ℓ. (66)

In the new formulation, the last steps of the algorithm consist of updatingu⊥j,ℓ and vj,ℓ, for all j ∈
{1, . . . , S}. We propose to definerℓ = 2pℓ − xℓ , r̃ℓ = F⊤rℓ and r⊥ℓ = rℓ − 1

νF r̃ℓ, which yields

vj,ℓ+1 = vj,ℓ+λℓ
(
r̃ℓ−F⊤pj,ℓ

)
andu⊥j,ℓ+1 = u⊥j,ℓ+λℓ

(
r⊥ℓ −p⊥j,ℓ

)
. By using (63) and (66), these relations

can be simplified as





vj,ℓ+1 = vj,ℓ + λℓ
(
r̃ℓ − νqj,ℓ

)

and

u⊥j,ℓ+1 = u⊥j,ℓ + λℓ
(
r⊥ℓ − u⊥j,ℓ

)
,

(67)
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which leads to Algorithm 3.

We finally note that Assumption IV.3 3) implies that Assumption IV.1 4) is satisfied since, for every

j ∈ {1, . . . , S},

∑

ℓ∈N

λℓ ‖aj,ℓ‖ =
∑

ℓ∈N

λℓ ‖F ãj,ℓ‖

≤ ‖F‖
∑

ℓ∈N

λℓ ‖ãj,ℓ‖ < +∞. (68)

This allows us to transpose the convergence results concerning Algorithm 2 to Algorithm 3.
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