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Abstract

Regularization approaches have demonstrated their wtaetss for solving ill-posed problems. How-
ever, in the context of variational restoration methoddyalenging question remains, namely how to find
a good regularizer. While total variation introduces staée effects, wavelet domain regularization brings
other artefacts, e.g. ringing. However, a trade-off can leenby introducing a hybrid regularization
including several terms non necessarily acting in the saomath (e.g. spatial and wavelet transform
domains). While this approach was shown to provide gooditefor solving deconvolution problems
in the presence of additive Gaussian noise, an importaneigs to efficiently deal with this hybrid
regularization for more general noise models. To solve phablem, we adopt a convex optimization
framework where the criterion to be minimized is split in thén of more than two terms. For spatial
domain regularization, isotropic or anisotropic totaligfion definitions using various gradient filters
are considered. An accelerated version of the ParallelifadxAlgorithm is proposed to perform the
minimization. Some difficulties in the computation of thexyimity operators involved in this algorithm
are also addressed in this paper. Numerical experimersrpexd in the context of Poisson data recovery,
show the good behaviour of the algorithm as well as promisasylts concerning the use of hybrid

regularization techniques.
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. INTRODUCTION

During the last decades, convex optimization methods haen tshown to be very effective for
solving inverse problems. On the one hand, algorithms sgcRrajection Onto Convex Sets (POCS)
[2], [3], [4] have become popular for finding a solution in thtersection of convex sets. POCS was
used in data recovery problems [5] in order to incorporatergnformation on the target image (e.g.
smoothness constraints). Some variants of POCS such as AlBd@bfaic Reconstruction Technique) [6]
or PPM (Parallel Projection Method) [7] were also proposedchieve iteration parallelization. Other
parallel approaches such as block-iterative surrogatet@nt splitting methods were considered to
solve a quadratic minimization problem under convex camsts [8] which may include a total variation
constraint (see also [9]). However the method in [8] basedurgradient projections is not applicable
to non-differentiable objective functions.

On the other hand, some denoising approaches were basedvetewviiansforms [10], and more
generally on frame representations [11], [12], [13], [14].[15], [16], [17], [18], algorithms which
belong to the class of forward-backward algorithms werg@sed in order to restore images degraded
by a linear operator and a noise perturbation. Forwardibaak iterations allow us to minimize a sum
of two functions assumed to be in the cld§sH) of lower semicontinuous convex functions defined on
a Hilbert spacéH, and taking their values ih— oo, +oc], which are proper (i.e. not identically equal to
+00). In addition, one of these functions must be Lipschitzetiéhtiable or+. In [19], this algorithm
was investigated by making use of proximity operator to@8] [firstly proposed by Moreau in [21].
In [22], applications to frame representations were dgadoand a list of closed form expressions of
several proximity operators was provided. Typically, fard-backward methods are appropriate when
dealing with a smooth data fidelity term e.g. a quadratic fioncand a non-smooth penalty term such
as anf;-norm promoting sparsity in the considered frame [23], [Z#je computation of the proximity
operator associated with thig-norm indeed reduces to a componentwise soft-threshold@&g [26].
Another optimization method known as the Douglas-Rach&gbrithm [27], [28], [29], [30] was then
proposed for signal/image recovery problems [30] to retexLtipschitz differentiablity condition required
in forward-backward iterations. In turn, the latter algiom requires the knowledge of the proximity
operators of both functions. This algorithm was then extent the minimization of a sum of a finite
number of convex functions [31], the proximity operator @fck function still being assumed to be
known. One of the main advantages of this algorithm calle@lRd ProXimal Algorithm (PPXA) is its

parallel structure which makes it easily implementable ariticore architectures. PPXA is well suited
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to deconvolution problems in the presence of additive Ganssoise, where the proximity operator
associated with the fidelity term takes a closed form [31].nTiaimize a sum of two functions one of
which is quadratic, another interesting class of paralt@ivex optimization algorithms was proposed
by Fornasier et al. in [32], [33]. However, in a more generahtext, particularly when the noise is
not additive Gaussian and a wider class of degradation tiperes considered, the proximity operator
associated with data fidelity term does not have a closed, fadnich prevents the direct use of PPXA
and the algorithms in [32] and [33]. Therefore, other solusi have to be looked for. For Poisson noise,
a first solution is to resort to the Anscombe transform [34jjleva second one consists of approximating
the Poisson data fidelity term with a gradient Lipschitz tiorc [35]. Both approaches require the use
of a nested iterative algorithm [34], [35], combining fomaebackward and Douglas-Rachford iterations.
Nested algorithms may however appear limited for two maasoas: the parallelization of the related
iterations is difficult, and the number of functions to be imized is in practice limited to three. More
recently, approaches related to augmented Lagrangiamitpes [36], [37] have been considered in
[38], [39], [40], [41]. These methods are well-adapted whiea linear operator is a convolution and
Fourier diagonalization techniques can thus be used, bunfre general linear degradation operators,
a large-size linear system of equations has to be solved ncatyg at each iteration of the algorithm.

The objective of this paper is to propose an adaptation of #BXminimize criteria used in a wide
panel of restoration problems such as those involving aaatien or decimated convolution operator
using a finite-support kernel and non-necessarily addiBaeissian noise. Decimated convolutions are
important in practice since they are often encountered pestesolution problems. To apply proximal
methods, it seems that we should be able to compute the pitgaperator associated with the fidelity
term for a large class of noise distributions. When the pnityi operator cannot be easily computed, we
will show that a splitting approach may often be employeditouenvent this difficulty. This is the main
contribution of this paper.

Moreover, based on similar splitting techniques and in thieitsof existing works on deconvolution
in the presence of Gaussian noise [17], [31], [42], [43], afodd regularization composed of a sparsity
term and a total variation term is performed in order to befefin each regularization. We will consider
this type of hybrid regularization by investigating di#éet discrete forms of the total variation.

The paper is organized as follows: first, in Section Il, wespre the considered restoration problem
and the general form of the associated criterion to be miz@chi Then, in Section lll, the definition and
some properties of proximity operators as well as explioitfs related to the data fidelity term in a

restoration context and to a discretization of the totalateom are provided. Section IV introduces an
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accelerated version of PPXA which allows us to efficientlivedrame-based image recovery problems.
Section V-A shows how the results obtained in the two previsactions can be used for solving
restoration problems where a regularization is performetth in the spatial and in the wavelet domains.
Finally, in Section V-B, the effectiveness of the proposegraach is demonstrated by experiments for
the restoration of images degraded by a blur (or a decimdtedl with finite-support kernel and by a

Poisson noise. Some conclusions are drawn in Section VI.

[l. BACKGROUND
A. Image restoration

The degradation model considered throughout this papdéeigalowing:
z = Du(TY) 1)

where7y denotes the original image of global si2é degraded by a non-negative valued convolutive
operatorT : RV — RM and contaminated by a noise non necessarily additive, teetedf which
is denoted byD,,. Here, « is a positive parameter which characterizes the noise sitterThe vector
2z € RM represents the observed data of side For example,D, may denote the addition of a zero-
mean Laplacian noise with standard-deviatigror the corruption by an independent Poisson noise with
scaling parametex. T' represents a convolution or a decimated convolution opetsting a finite-support
kernel.

Our objective is to recover the imagefrom the observation by using some prior information on its

frame coefficients and its spatial properties.

B. Frame representation

In inverse problems, certain physical properties of thgetasolutiony are most suitably expressed in
terms of the coefficients = (z(*)),<,<x € R¥ of its representatiofy = S5, 7¥)e;, with respect to
a family of vectors(ey)1<x<k in the Euclidean spadg” . Recall that a family of vectoréey)1<k<x in

RY constitutes a frame if there exist two constamtand in ]0, +oo[ such thatt

K

vy eRY)  wllyl> <D lex yl? < Tl (2)
k=1

In finite dimension, the upper bound condition is alwaysséiiil.
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The associated frame operator is the injective linear aperda: RY — RX: y — (er"y)1<r<k, the
adjoint of which is the surjective linear operatdr : R — RV : (z*)),pcpe > S 2k, When

v=v=vin (2), (ex)1<k<x is said to be a tight frame. In this case, we have

FTF = uId, (3)

whereld denotes the identity matrix. A simple example of a tight feais the union ofv orthonormal
bases, in which case= 7 = v. For instance, a 2D real (resp. complex) dual-tree wavelebohposition

is the union of two (resp. four) orthonormal wavelet basd§.[Curvelets [11] constitute another example
of tight frame. Historically, Gabor frames [44] have playau important role in many inverse problems.
Under some conditions, contourlets [45] also constitubttirames. Wher#~! = F'T, an orthonormal
basis is obtained. Further constructions as well as a ddtaitcount of frame theory in Hilbert spaces
can be found in [46].

In such a framework, the observation model becomes
2 =Do(TF'T) 4)

whereZ represents the frame coefficients of the original dgta: (' 'z € RY is the target data of size

N). Our objective is now to recover from the observatiorn.

C. Minimization problem

In the context of inverse problems, the original image canelséored by solving a convex optimization

problem of the form:

J
Find 7€ Argmin Y f;() (5)

TERK =
where (f;)1<;j< are functions oflo(R¥) (see [31] and references therein) and the restored image is
y=FTz.

A particular popular case is wheh= 2; the minimization problem thus reduces to the minimization
of the sum of two functions which, under a Bayesian framewodn be interpreted as a fidelity term
/1 linked to noise and an a priori terrfy, related to some prior probabilistic model put on the frame
coefficients (some examples will be given in Section V).

In this paper, we are especially interested in the case wher2, which may be fruitful for imposing

additional constraints on the target solution. At the saime,twhen considering a frame representation
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(which, as already mentioned, often allows us to better esgpsome properties of the target solution),
the convex optimization problem (5) can be re-expressed as:

Find 7 € Argmin ES: gi(Fz) + EJ: fi(z) (6)

reR® j=1 j=S+1

where (g;)1<j<s are functions oflo(RY) and (f;)s+1<j<s are functions ofl'o(RX), related to the
image or to the frame coefficients, respectively. The terong & {1,...,S} related directly to the pixel
values may be the data fidelity term, or a pixel range comgttarm, whereas, the functions of indices
je{S+1,...,J} defined on frame coefficients are often chosen from someictégsior probabilistic
model. For example, they may correspond to the minus lagitikod of independent variables following
generalized Gaussian distributions [47].

We will now present convex analysis tools which are usefudeéal with such minimization problems.

[1l. PROXIMAL TOOLS
A. Definition and examples

A fundamental tool which has been widely employed in the meo®nvex optimization literature is
the proximity operator [20] first introduced by Moreau in 29BI8], [21]. The proximity operator of
¢ € To(RYX) is defined as

prox,, : RY - RY: u— argvrenﬂig)l( % v —ul* + @(v). (7)
Thus, if C is a nonempty closed convex set &f, and.c denotes the indicator function df, i.e.,
Vu € R¥, 1o(u) = 0 if u € C, +o0 otherwise, thenprox, reduces to the projectiof- onto C.
Other examples of proximity operators corresponding toptbtential functions of standard log-concave
univariate probability densities have been listed in [12R], [31]. Some of them will be used in
the paper and we will thus recall the proximity operators e potentials associated with a Gamma
distribution (which is closely related to the Kullback-b&r divergence [49]) and with a generalized

Gaussian distribution, before dealing with the Euclideanmin dimension 2.
Example I11.1 [30] Let o > 0 and set
¢: R — ]—o00,+x]

—xIn(n) +an, if x>0 andn > 0;
N g an, if x=0 andn > 0; (8)

400, otherwise
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Then, for everyn € R,
n—a+/In—of*+4x

prox, 1 = : ©)
Example I11.2 [22] Let x > 0, p € [1,+0o0[, and set
@: R — ]—00,400] : = x|n". (10)
Then, for everyy € R, prox,n is given by
sign(n) max{|n| — x, 0} if p=1
n+ 5375 (e = m)* = (e +m)/?)
where €= /n? +256x3/729 if p=3 1)
n+ 9X2Si8gn(77) (1 _ W) if p= %
ﬁ if p=2
sign(n)%‘nl_l if p=3

wheresign denotes the signum function. In Example 111.2, it can be cutithat the proximity operator

associated withp = 1 reduces to a soft thresholding.

Example 111.3 [31] Let i > 0 and set

i R: = R: (m,m2) = /I P + [ (12)
Then, for every(n;,n2) € R?,
1 — ——t—(n,m2), it /Im[*+Inl?> > p;
proxg&(nl;nZ) = ( ‘771‘ +|772‘ ) (13)
0,0), otherwise

B. Proximity operators involving a linear operator

We will now study the problem of determining the proximityesptor of a functiony = ¥ o T' where
T :RYN — RM is a linear operator,

M
U:RM — J—o00, +00]: (™) 1<cppens — Z U (ul™) (14)

m=1

and, for everym € {1,..., M}, ¢, € To(R). As will be shown next, the proximity operator of this
function can be determined in a closed form for specific casés However,g can be decomposed as a

sum of functions for which the proximity operators can becakdted explicitly. Firstly, we introduce a
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property concerning the determination of the proximity raper of the composition of a convex function
and a linear operator, which constitutes a generalizatio[8®, Proposition 11] for separable convex

functions. The proof of the following proposition is proei in Appendix A.

Proposition 111.4 Let X € N*, Y € N*, and let(o,;,)1<m<y be an orthonormal basis @Y. LetY be

a function such that

Y
VueRY)  T(u) =Y Ymlon u) (15)
m=1
where (¢,,)1<m<y are functions inlo(R). Let L be a matrix inRY*X such that
Y
T_ T
LL' = Z Ay 0m0,, (16)
D m=1
where(A,,)1<m<y IS @ sequence of positive reals.
ThenY o L € T'o(R¥) and, for everyy € RX
proxyo v =v+ L' D! (proxpy(Lv) — Lv) 17)
where DY is the function defined by
Y
(VueRY) DY) =Y Apthm(om u). (18)
m=1

The function defined in (14) is separable in the canonical basi®#f. However, for an abitrary
convolutive (or decimated convolutive) operatbr= T, (16) is generally not satisfied. Nevertheless,
assume thatl;),<;<; is a partition of{1,..., M} in nonempty sets. For everye {1,...,1}, let M;
be the number of elements ih (X7, M; = M) and letY; : R™ — ]0,400] : (u(™)per, —
> mel, Y (™). If, for everyi € {1,..., M}, t; is the vector ofR™ corresponding to the-th row
vector of T, we have thery = Zle T, o T; whereT; is a linear operator fronR" to R*: associated
with a matrix

—— (19)

andl; = {mq,...,my}. The following assumption will play a prominent role in thest of the paper:

Assumption I11.5 For everyi € {1,...,1}, (tm)mer, IS @ family of non zero orthogonal vectors.

Then, g can be decomposed as a sumlofunctions(Y; o T;)1<i<; Where, for everyi € {1,...,1},
D; = TZ-TiT is associated with an invertible diagonal matixag(A; 1, ..., A; ar,). According to Propo-

sition 111.4, we have then, for every € RV,
proXy,,py =y + ﬂTDfl(proxDiTi(ﬂ )—T; ) (20)

February 23, 2011 DRAFT



Remark 111.6 1) Note that Assumption 1l1.5 is obviously satisfied whén= M, that is when, for
everyi € {1,...,I}, I, reduces to a singleton.

2) It can be noticed that the applicationBfor 7, reduces to standard operations in signal processing.
For example, whefl" corresponds to a convolutive operator, the applicatioff;ofonsists of two
steps: a convolution with the impulse response of the dedicaufilter and a decimation for selected
locations {» € I;). The application of7;" also consists of two steps: an interpolation step (by
inserting zeros between data values of indices I,) followed by a convolution with the filter with

conjugate frequency response.

The fundamental idea behind the previously introduceditfgart(I;);<;<;, is to form groups of non-
overlapping — and thus orthogonal — shifts of the convolutiernel so as to be able to compute the
corresponding proximity operators. To reduce the numbeprokimity operators to be computed, one
usually wants to find the smallest integesuch that, for every € {1,..., I}, (t,m)mer, iS an orthogonal
family. For the sake of simplicity, we will consider the casfea 1D deconvolution problem, wher€
represents the original signal size wher@asorresponds to the degraded signal size, the extension to 2D
deconvolution problems being straightforward. Differeabfigurations concerning the impact of boundary
effects on the convolution operator will be studied: firsg will consider the case when no boundary
effect occurs. Then, boundary effects introduced by zeddipg and by a periodic convolution will be
taken into account. Finally, the special case of decimatwaution will be consideredy designates
in the sequel the length of the kernel aft})o<,<¢ its values.

1) One-dimensional convolutive models without boundafgatf
We typically have the following Tceplitz structure:

0 . T
= (21)
. '. '. '. 0
ths
0 0 6‘Q_1 6‘1 90
whereM =N —-Q+1> Q.
In order to satisfy Assumption 111.5, we can choase- (Q and, for everyi € {1,...,1},
L={me{l,...,M} | (m—1i) modI=0}. (22)
Hence, we have for all € {1,..., I},
Q-1
Ajp=...=0ag, = >[04 (23)
q=0
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10

In this caseg can be decomposed as a suntbfunctions, whose proximity operators can be easily
calculated.

2) One-dimensional zero-padded convolutive models.
The following Teeplitz matrix is considered:

Lo 0 .. . ... .. 0]
0, 0
t
| = 1o (24)
ths 0
0
0 0 6o 6, 6

where M = N > 2@Q. In this case/ can be chosen equal {9 and the index setgl;);<;<; are
still given by (22). However, the diagonal parameters areatioequal as in the previous example.

We have indeed, for everye {1,...,1},

i—1
Aji =20 107

(25)
Nip=...= Mg, = S0 0,2
3) One-dimensional periodic convolutive models.
In this case, a matrix having a circulant structure [50] iolwed:
[0y 0 ... 0 g 0, |
01 0o
tf 0g-1
e 0 (26)
thr 0
0
0 .. 0 b1 . O o |

where M = N > @. In order to satisfy Assumption II.5, we subsequently 5et min{i > @ |
(M —1i) mod @ = 0} and, for everyi € {1,...,I},

{i} ifi<Q—1
L=4¢{me{Q,....M} | (m—i) mod Q=0} (27)
otherwise.
February 23, 2011 DRAFT



11

The diagonal parameters are then given by (23).
Another choice which was made in [1] is to set= min{: > @ | M mod ¢ = 0} and to proceed
as in (22) and (23). This solution may be preferred due toiitgpkcity, when the resulting value
of I is small.

4) One-dimensionaf-decimated zero-padded convolutive models.

We get the following matrix oRM*N where N = Md > 20Q.

far ... B 0O ... . . . .. .0
92,1_1 Hd_l 90 0 0
b . . . ;
| = - (28)
- 0 :
tM
0
L 0 0 onl 92d71 Hd,l 90 |

In order to satisfy Assumption Il.5, we subsequently et [%} and the index setfl;)1<;<; are
still given by (22). We have indeed, for eveiye {1,..., I},
Ai L= m_in(id,Q)—l |9 |2
) zq—O q (29)
Nig=...=Dnr, = 300 1042

Note that, whenl > @, (tm)meq1,..,ary IS @n orthogonal family, and thus= 1.

Remark 111.7 In the previous example (the non-decimated example beinmeeaia case whed = 1),
the computational complexity of applying each operdtoor 7," with i € {1,...,1} is O(Md) and we
have about)/d proximity operatorgroxy .. to compute. Assuming a complexi€y();) for computing
proxp.r,, the overall computational complexity 8(M (2Q + 1)). In turn, if we choosel = M, the
complexity of computation of; or 7, is O(Q), but we have aboud/ proximity operatorsproxy oz,
to compute. Thus, the overall computational complexity agra of the same order as previously. This
means that limiting the number of proximity operators to benputed has no clear advantage in terms
of computational complexity, but it allows us to reduce thenmory requirement (gain of a factérd/Q

for the storage of the results of the proximity operators).
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C. Discrete forms of total variation and associated proxymoperator

Total variation [51] represents a powerful regularity measin image restoration for recovering
piecewise homogeneous areas with sharp edges [52], [33],[85], [56]. Different versions of discretized
total variation can be found in the literature [51], [57]1]3Our objective here is to consider discrete
versions for which the proximity operators can be easily potad. The main idea will be to split the
total variation term in a sum of functions the proximity ogrs of which have a closed form. The

considered form of the total variation of a digital image= (yn, n,)o<n, <N, 0<n.<N, € RN >Nz s

P1 N2

Z Z Py (Yn ) mas (Yo)mans) (30)

=0 No= =0
wherep, € I'o(R?), andy; andy, are two discrete gradients computed in orthogonal dirastthrough

FIR filters with impulse responses of siZzg x P,. More precisely, in the above expression, we have

(yh)nl , 12 = tI‘(HTYn] ,nz)
(yv)m,nz = tr(VTYnl ,M)

where H € R *P2 gndV e R > gre the filter kernel matrices here assumed to have unit Riabe

(31)

norm, and for everyn;,ng) € {0,..., Ni1—P1}x{0,..., No—Po}, Yy, no = (Yni+p1.no+ps ) 0<pr < P1,0<ps<P»
denotes a block o, x P» neighbouring pixels. Since the proximity operator asdedavith the so-
defined total variation does not take a simple expressioreimeral, (30) can be split in “block terms”

by following an approach similar to that in Section IlI-B:
P—1P;—1

(Vy € RN XNz Z Z Vs o (U (32)

=0 p2=
where, for everyp; € {0,..., P, — 1} andps € {0,...,P2 -1},
LMJ 1LMJ 1

tvp17p2 Z Z ptV yh Ir)L117,17)1227 (yv)f;l%zg) (33)

N2 =0

and the notatiorg- )5} 7> = (-)pler;,,lJamﬂ,2 has been used. A closed form expression for the proximity

operator of the latter function can be derived as shown béibe proof is provided in Appendix B).

Proposition I11.8 Under the assumption that(HV ") = 0, for every

N1 X N:.
Yy = (ynl,n2)0§n1<N1,0§n2<N2 eR™ :

and x> 0, we have
(V(pl,pz) € {07 cee 7P1 - 1} X {07 e 7P2 - 1}) proxutvplypzy = (ﬂ'nhng)OSn] <N1,0<n2< N2 (34)
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where, for everyny,ns) € {0,..., M52 | — 1} x {0,..., [F2522] — 1},

— P1,P2 P1,pP2 P1,P2 P1,P2 P1,P2
(WP1nl+p1+p’17P2n2+p2+p'2)0§p’1<P1,0§P’2<P2 - ( name hn17,n2)H + ("{nllng - ’UTL1:7’L2)V + Ynljng (35)

with

hp17p2 — tr(HTYp17p2)’ Upupz — tI‘(VTYpl’pz) (36)

ni,n2 n1,n2 ni,n2 ni1,n2

( D1,D2 Hp17p2
ny1,N2? " "Ny,N2

) = prox,, , (R0, vRi 0, (37)
and (Y(n1,n2) € {0,...,N1 =1} x {0,..., Na — 1})

ny < py or

ng < po OF

ﬂ'nl,ng = ynhng If (38)
ny > Py | 22| or

ng > leNzT;sz-

The result in Proposition 111.8 basically means that, forieeg value of(p;,p2) € {0,...,PL — 1} X
{0,...,P, — 1}, the image is decomposed into non-overlapping block§ > =
(YPiny+pr 40, Pnatpatpl J0<p, < Pr0<p,<P, Of P1 x P, pixels. Eq. (35) then provides the expression of
the proximity operator associated with each one of thesekblowhereas (38) deals with boundary

effects.

Remark 111.9 The above result offers some degrees of freedom in the defirof the discretized total

variation for the choices of the functign, and of the gradient filters.
« Two classical choices for the functign, [51] are the following:

1) If pev: (m1,m2) — || + |n2] then, an anisotropic form is obtained. According to Exaniplg,
(37) reduces to

iy = sign(hnl ;) max(|hn e, | — p, 0)

(39)

Ry = sign(vnyn ) max(|on | = 4, 0)-

2) If pev: (m,m2) — /(m)?+ (n2)?, then the standard isotropic form is found. The proximity
operator involved in (37) is given in Example III.3.
« Some examples of kernel matricés and V' satisfying the assumptions of Proposition 111.8 are as

follows:

1) Roberts filters such thatl = [_l/ﬁ 0 } andV = [ 0 -1/v2

were investigated in
0 1/v/2 1/v2 0
[31].
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0 0 0

2) Finite difference filters can be used, which are such that V' = [-1/y2 0 1/v2].
0 0 0
3) Prewitt filters also satisfy the required assumptionsyTare defined by
-1/v/6 0 1/v6
H=VT=|-1/y/6 0 1/V6].
-1/v6 0 1/V6

4) Sobel filters such that
-1/V/12 0 1/V12
H=V'"=|-2/y/12 0 2//12| are possible choices too.

—1/V12 0 1/V12

IV. PROPOSED ALGORITHM

In the class of convex optimization methods, an algorithaendly proposed in [31] appears well-suited
to solve the class of the minimization problems formulatedraProblem (5). However, when synthesis
frame representations are considered (Problem (6)) ana wieefunction numbes is large, the frame
analysis and synthesis operators have to be applied saieed in the algorithm which induces a long
computation time. In this section, we briefly recall the RardroXimal Algorithm and its convergence

properties. Then, we propose an improved version of PPXAfficiently solve Problem (6).

A. Parallel ProXimal Algorithm (PPXA)

An equivalent formulation of the convex optimization pretl (5) is:

J
Find ¥ €  Argmin Z fi(xj). (40)
1 €ERE ...z ;ERK j=1
T=x,=...=T;

This formulation was used in [31] to derive Algorithm 1.

PPXA involves real constantg and (w;)1<;<7, and, at each iteratiof € N, a relaxation parameter
A¢- It also includes possible error terrs; ¢)1< ;<. in the computation of the proximity operators, which
shows the numerical stability of the algorithm. The seqedng),>; generated by Algorithm 1 can be
shown to converge to a solution to Problem (40) (or equitblen Problem (5)) under the following

assumption [31].

Assumption V.1
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Algorithm 1 General form of PPXA
Sety € ]0,+o0].

For everyj € {1,...,J}, set(w;)i<j<s €]0,1]” such thaty"7_) w; = 1.
Set(ujo)i<j<s € (R¥) andxg = 23-]:1 wjuj .

For/=0,1,...

Forj=1,....J

L pje = proxyy, juw,uje + aje

Pe = 23']:1 wjDj.e

Set)\, €]0,2]

Forj=1,...,J

L U1 = ujp+ Ao (200 — 20— pjp)

Top1 = a0+ N (pe — @)

2) ﬁ;’zlrint dom f; # .2
3) (Vie{l,....J}) XenAe llajell < +oo.
4) ZZeN by, (2 — )\g) = +400.

Remark V.2 The fact that the algorithm involves several parameterslshtot be viewed as a weakness
since the convergence is guaranteed for any choice of tresengters under the previous assumption.
These parameters bring out flexibility in PPXA in the sensd #n appropriate choice of them (typical

values will be indicated in Section V-B) may be beneficiallie tonvergence speed.

Consider now Problem (6) where a tight frame is employ&d ¥ = v1d). By setting (Vj <
{1,...,8}) fj = gj o F" and by invoking Proposition 1ll.4 witl. = F'" and D = v1d, the iterations
of Algorithm 1 become as described in Algorithm 2.

However, the first loop can be costly in terms of computaticoanplexity because it requires to apply
S times the operatorg’ and F'" at each iteration. We will now see how it is possible to spegdhese

iterations.

2The relative interior of a sef of R¥ is designated byint.S and the domain of a functioff : R* —] — oo, 4+-oc] is
dom f = {z € R¥|f(x) < +oo}.
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Algorithm 2 PPXA iterations for Problem (6)

For/=0,1,...
Forj=1,...,8
L e = ujet

- F (prox (FTujg) = Flujg) + ajy

VY9 /w;
Forj=S+1,...,J

L pje= PIOX. £, 7, Uj0 + Qj g

o= Yj_1 wibje

Set)\, €]0,2]

Forj=1,...,J

L w1 =uje+ M (2p0 — 0 — pje)

xpy1 = ¢ + N(pr — )

B. Accelerated version of PPXA

In Algorithm 3, we propose an adaptation of PPXA in order tduee its computational load by
limiting the number of times the operatofsand F'T are applied. Details concerning the derivation of
this algorithm can be found in Appendix C.

Let us make the following assumption:

Assumption V.3
1) limjjp - 400 g(FT2)+... +gs(FTx)+
fsr1(@) + ...+ fi(z) = fo0.
2) ( ﬁle rint dom (g; o FT))
N ( ﬂ}‘]=5+1 rint dom f;) # @.
3) (Vje{l,....8}) Dpen M llajell < +ooand(Vj e {S+1,....,J}) > ey M llajell < +oo.
4) > penAe (2= Ng) = +o0.

Then, Algorithm 3 converges to a solution to Problem (6). dididon, this algorithm requires only 3
applications ofF or F'' at each iteration. Hence, a gain w.r.t. Algorithm 2 is otedims soon a§ > 2.

This fact will be illustrated by our simulation results inciien V-B1.

February 23, 2011 DRAFT



17

Algorithm 3 Accelerated PPXA
Lety € 0, +oo.

For everyj € {1,...,J}, set(w;)i<j<s €]0,1]” such thaty7_) w; = 1.

Set(u]'70)1§jgj c (RK)J andxo = ZJ

j=1%;jlj,0-
For everyj € {1,...,S}, setvjo = F u;o andusy = uj0 — + Fvjo.
For/=0,1,...
Forj=1,...,8

1 -
L @i = $PrO%,g, 0, Vi + G5
Forj=5+1,...,J
L pje = Proxyyp, ju,uje + aje

s 1
Pe = Zj:l wjusy

s J
HE Y Wit D g1 Wibje

re=2pi—xe; Te=FTry rf=ri— 1Fr
Set), €]0,2|
Forj=1,...,5

i i 1 1
Ujppr = Wi+ A (17 — ujy)
Vje+1 = Ve + Ao (Te — vqj0)

Forj=S+1,...,J

L wjer1 =ujo+ e (e — pjg)

xpyp1 = ¢ + N(pr — )

V. APPLICATION TO RESTORATION

A. Hybrid regularization

In restoration problems, one of the terms in the criteriorbéominimized usually is a fidelity term
measuring some distance between the image degraded byehs@fi’ and the observed data We will
assume that this function takes the fogra= ¥ o7 where¥ < I'o(RM). In the case of data corrupted by a
additive zero-mean white Gaussian noise with variamce standard choice fob is a quadratic function
such that¥ = %H - —z||?. Then, the associated proximity operatorgofan be computed explicitly (see
[31]). In the case of data contaminated by an independergsBoinoise with scaling parameter a

standard choice i¥ = Dkp,(z,« -) where Dy, is the generalized Kullback-Leibler divergence [49],
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[58], [59], [30], [40], [39], [60] such that,

M
(Vu = (U(m))lgmgM € RM), U(u) = Z wm(u(m)) (41)

and

if 2(m) >0 andu(™ > 0,
Y (™) = (42)
au(™ if 2(m) =0 andu(™ >0,

+o0 otherwise.
The proximity operator oft can then be derived from Example Il.1.

Concerning regularization functions, a standard choiceesfalty function in the wavelet domain is:
(Vz = (W) 1cpcx € RE), ®(z) = S35 ¢ (x®)) where, for everyk € {1,...,K}, ¢ is a finite
function of T'g(R) such thatlim ;w4 dr(z®)) = 400. Power functions as in Example I1l.2 are
often chosen fol(¢y)1<k<x (See e.g. [15], [22]). The main problem with wavelet regaktion is the
occurence of some visual artefacts (e.g. ringing artefastene of which can be reduced by increasing the
redundancy of the representation. Another popular typesgfilarization that can be envisaged consists
of employing a total variation measure [51]. Its major draakis the generation of staircase-like effects

in the recovered images. To combine the advantages of bgtharézations, we propose to:

Find 2 € Argmin  W(TF'z) + ptv(F ' z) + 1c(Fz) + 9 &(z). (43)
z€RK

As already mentionedp corresponds to the regularization term operating in theelgwdomain.tv
represents a discrete total variation term as defined by @aally, .o is the indicator function of a
nonempty closed convex sét of RV (for example, related to support or value range contrairitsjs
kind of objective function was also recently investigatad31] but the approach was restricted to the
use of a quadratic data fidelity term and of a specific form eftthtal variation term.

The non-negative real parameteétrand . control the degree of smoothness in the wavelet and in the
space domains, respectively.

The main difficulty in applying Algorithm 1 to our restoratigoroblem is that it requires to compute
the proximity operators associated with each of the foumsein (43). In general, closed forms of
the proximity operators are known only for the indicator dtion (- and for & [22]. However, as
explained in Section 1lI-B, provided that the functioh is separable, the data fidelity term can be
decomposed as a sum bffunctions(Y; o T;)1<;<y for which the proximity operators can be calculated

according to (20). Similarly, by using the results in Sectld-C, the tv function can be split inP; P,
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functions (tvy, p,)o<p. <P, 0<p<P,» the proximity operators of which are given by Propositidh8l
Algorithm 3 can then be applied with = I + PP, +1 andJ = I + PP, + 2. In the present case,

it can be noticed that it > 0, Assumption IV.3 1) is satisfied. In addition, Assumption3\2) is
fulfilled (ﬂi[:l {y e RN | T;y € rint dom Ti}) Nrint C # @ (sincedom ® = RX and (V(p1,p2) €
{0,...,PL —1} x{0,..., P — 1}) domtv,, ,, = RY). This condition is verified if0, +co[* C dom ¥
and C = [0,255]"V since for everyi ¢ {1,...,I}, T; has been assumed non-negative real valued in

Section II-A, and with non-zero lines (see Assumption )LI.5

B. Experimental results for convolved data in the preserfd@oisson noise

In our simulations, we will be first interested in studying therformance in terms of convergence rate
of the accelerated version of PPXA. Algorithms 2 and 3 arelemented by settingg = 50, Ay = 1.6
and, for everyj € {1,...,J},

4_1[ if1<;<I
wj = r}PQ fFI+1<j<I+PP (44)
% otherwise

if (g5)1<j<r are the functions corresponding to the decomposition of dhta fidelity term and
(9j)1+1<j<1+pp, correspond to the decomposition of. The weights are thus chosen to provide
equal contributions to the four functions in Criterion (4Epr the first and second functions which are
splitted, the corresponding 1/4 weight is further subdiddn a uniform manner. Note however that the
behaviour of the algorithm did not appear to be very sersitivan accurate choice of these parameters.
A comparison between the different total variation regaktion terms defined in Section IV-B will
also be made. Another discussion will be held concerningbibendary effects. Two cases will be
considered: the use of a periodic convolution and then, arwaution with zero-padding. Results for a
decimated convolution will also be presented. Finally,itlierest in combining total variation and wavelet
regularization terms will be shown with respect to cladsiegularizations. A tight frame version of the
dual-tree transform (DTT) proposed in [14} € 2) using Symlets of length 6 over 3 resolution levels
is employed. We choose potential functions of the form: ferge k € {1,..., K}, ¢r = xi| - |P* where
xx > 0 andpy € {1,4/3,3/2,2}, the proximity operators of which are given by Example 1.2

1) Convergence rate comparison between PPXA and its aatetbversion:Table | gives the iteration
numbers and the CPU times for the original PPXA algorithm tredproposed accelerated one in order

to reach convergence when considering different imagessiZgebal”: N = 128 x 128, “Peppers”:
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N = 256 x 256 and “Marseille”: N = 512 x 512) and various kernel blur sizes. The stopping criterion
is based on the relative error between the objective funatiomputed at the current iteration and at
the previous oné.The stopping tolerance has been sell@o?. These results have been obtained with
an Intel Core2 6700, 2.66 GHz. The last line of Table | illagts the gain in CPU-time when using
Algorithm 3. Moreover, in Figure 1, the mean square errorhaitnage iterate$F ' (x,, —2)||? is plotted

as a function of computation time, whefe,,),,~o denotes the sequence generated by Algorithm 2 or

Algorithm 3.

Image size 128 x 128 256 x 256 512 x 512
(uniform) blur size 3x3 | TxT7||3x3|7Tx7 | 3%x3|7x7

Iteration numbers 30 50 41 50 50 50
CPU time (in second) 117.2 | 633.0 | 411.7 | 1298 || 1458 | 4514
CPU time - accelerated version (in secornjd)13.53 | 29.82 || 60.59 | 89.48 || 263.6 | 405.0
Gain 8.67 21.2 6.79 14.5 5.53 111

TABLE |

COMPARISONS BETWEENPP XA AND ITS ACCELERATED VERSION

20 30 40 50 50 100 150

Fig. 1. Convergence profiles of the Algorithm 2 (dotted liaejd Algorithm 3 (solid line) versus computation time in set®

for a 3 x 3 uniform blur (left) and a7 x 7 uniform blur (right) and al28 x 128-image.

It can be noticed that the larger the kernel blur size is, tighdr the gain is. This is due to the fact

that the number of proximity operators to compute increagts the kernel size.

3The relative error was evaluated based on Criterion (43)revttee indicator function was discarded.

February 23, 2011 DRAFT



21

2) Comparison between different forms of total variatidn: Section 1lI-C, we have introduced the
proximity operator associated with discretized total aoin functions and the possibility of choosing
various filters has been mentioned. In Figure 2, tests haeae barried out on “Peppers” degraded by
a 3 x 3 uniform blur and corrupted by Poisson noise with scalingapatera = 0.1. We compare
the restored images for different kinds of total variationferms of Signal to Noise Ratio — SNR and
structural similarity measure — SSIM [61]. The SSIM takesahug between -1 to 1, the maximum value
being obtained for two identical images. Each curve reprisshe resulting SNR and SSIM versugthe
regularization parameter related to the total variatifor) a given form oftv (i.e. a given filter associated
with either an isotropic or anisotropic functign,). A small wavelet regularization parametée= 103

has been chosen in order to better illustrate the influen¢keoflifferenttv forms on restoration quality.

001 002 003 004 005 006 007 008 009 001 002 003 004 005 006 007 008 009

Fig. 2. SNR (left) and SSIM (right) for different total vafian terms with respect tq.. Roberts: thin-black line, Finite
difference: thick-black, Prewitt: thick-gray. = +/| - |2 + | - |?: solid line andpsv = |- | + | - |: dashed line

It can be concluded from Figure 2 that the choice of the gradikers and of the form (isotropic/aniso-
tropic) of p, has a significant influence on the restoration quality whemthavelet regularization is small.
However, we also noticed in our numerical experiments tHaemthe wavelet regularization parameter
¥ becomes larger, the choice of the form has a lower influence on the restoration quality progide
that the regularization parameters are appropriatelyahos

3) Boundary effects on restored imageshis section illustrates the influence of boundary effect
processing. More precisely, we degraded an extended weo$itBoat” image by a7 x 7 uniform blur,
and the resulting blurred image was cropped to create anerobgize256 x 256. As a consequence, the
boundary values are functions of pixel locations which asdanger present in the blurred image. The
scaling parameter associated with Poisson noise 4s 0.5. The objective is then to restore the image

(which was centered) by using one of the convolution modielsugsed in Section IlI-B, namely either
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a periodic convolution or a convolution with zero-paddiMisual and quantitative results are given in

Figure 3.

SNR =16.9 dB - SSIM =0.62 SNR =17.7 dB - SSIM =0.64

Fig. 3. Periodic (left) and zero-padded (right) restoratio

As it can be noticed from this figure, the periodic convolatimodel introduces significant boundary
artefacts unlike the convolution with zero-padding. Theults obtained when considering “Peppers” led
to the same conclusion. For “Sebal”, zero-padding or périatbdels provided similar results.

4) Decimated convolutiontWe now present experimental results fd5 x 256 SPOT image degraded
by a uniform decimated blur with a kernel size= 3 x 3 and a decimated factot = 2. The scaling
parameter of the Poisson noise is equatte- 1. Due to the structure of the degradation operator, the
data fidelity is splitted in a sum df = 4 functions. The results are presented in Figure 4 where tbd go

behaviour of the model can be observed.

Original Degraded Restored = 1,y = 1073)
SNR = 16.1 - SSIM = 0.79

Fig. 4. Restoration results for “Spot” image.
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5) Influence of each regularization territe now present numerical and visual results for the differen
kinds of regularization when a generalized Kullback-Leibdlivergence is used as a data fidelity term.
This experiment allows us to compare the hybrid reguldomatvith existing approaches based on a
wavelet-frame [40] regularization or a total variation wéggization [39], [40]. The latter regularized
solutions can be computed either by using augmented Laigrarigchniques [39], [40] or with our
splitting approach (by setting = 0 or x = 0). In our experiments, the computation time of the two
approaches was observed to be similar. Note that compansnformed in [40] led to the conclusion that
the wavelet-frame regularization is quite competitivehwiéspect to other existing restoration methods
[34].

In the images displayed in Figures 5, 6, and 7, one can obskevartefacts related to the wavelet
regularization, the staircase effects which are typicaheftotal variation penalization, some checkerboard
patterns resulting of the chosen gradient discretizatma, also the benefits which can be drawn from
the use of a hybrid regularization.

Similarly to [40], the values of: and¥ have been adjusted so as to maximize the SNR. Optimizing
the hyperparameters manually as we did is a common practigeaging applications, especially when
a data set of test images having similar characteristickaasne to be restored (medical images, satellite
images,...) is available. Automatic methods for the opation of the hyperparameters can also be
found in the literature such as cross-validation [62], 8B&stic EM [63], MCMC [64], [65] or Stein-
based methods [66]. These automatic procedures oftenlatieety intensive. They will not be addressed

in this paper due to the lack of space.

VI. CONCLUSION

A new convex regularization approach to restore data degrag a (possibly decimated) convolution
operator and a non necessarily additive noise has beenggdpbhe main advantages of the method are (i)
to deal directly with the “true” noise likelihood (i.e. thaukback-Leibler divergence in the case of Poisson
noise) without requiring any approximation of it; (ii) to jpeit the use of sophisticated regularization
functions, e.g. one promoting sparsity in a wavelet frammao and a total variation penalization. In
addition, the proposed algorithm has a parallel structurielvmakes it easily implementable on multicore
architectures. Numerical and visual results demonstregeetfectiveness of the proposed approach. One
can note that, even if the paper is devoted to the case of kdiwooperators, this approach could be
generalized to more general linear operators.

Note that the primal-dual approaches [67], [68], [69], [7/[0]1] can offer alternative solutions to the
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Degradedo = 0.1 and uniform blur3 x 3 Total variation regularization

SNR = 8.88 dB - SSIM = 0.69 SNR =11.2 dB - SSIM = 0.79

Hybrid regularization(¥ = 0.09, » = 0.006) Wavelet-frame regularization
SNR= 12.4 dB - SSIM= 0.85 SNR= 11.7 dB - SSIM= 0.83

Fig. 5. Restoration results for “Sebal” image.

ones developed in this paper. However, one of the advantdgeBXA is that it easily leads to efficient

parallel implementations

APPENDIXA

PROOF OFPROPOSITIONIII.4

SinceD = LL" is the matrix associated with a bijective operatbris associated with a surjective
one anddom Y # @ = dom (Y o L) # @. This allows us to conclude th&t= T o L is a function of
Lo(RX).

To calculate the proximity operator &f we now come back to the definition of this operator. We have
thus, for everyw € RX,

1
prox,w = arg mﬂi@ll 5”?) —w|? + T(Lv). (45)
veRX
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Degradedw = 0.1 and uniform blur3 x 3 Total variation regularization

SNR = 11.2 dB - SSIM = 0.27 SNR =17.8 dB - SSIM = 0.60

Hybrid regularization¥ = 0.06, » = 0.011) Wavelet-frame regularization
SNR=18.8 dB - SSIM=0.67 SNR=18.0 dB - SSIM= 0.62

Fig. 6. Restoration results for “Boat” image.

We can write any vector € RX as a sum of an elemetit't € ran L™ andv; € (ranLT)* = ker L.
We have therLv = LL "t = Dt. Similarly, we can writew = LT u+w, whereu € RY andw, € ker L.
So, prox,w can be determined by finding
1
min LTt 4+ vy — LTu—wy|*+ T (Dt)
(t,v1)ERY xRX 2

1 1
(tva_)Iélﬂlg‘}xRX 2” ( u)|® + 2||UJ_ wy ||* +Y(Dt). (46)

This yields

v =w, =w—L'u 47)
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Degradedo = 0.1 and uniform blur3 x 3 Total variation regularization

SNR =11.4 dB - SSIM = 0.16 SNR =22.1 dB - SSIM = 0.69

Hybrid regularization¥ = 0.2, » = 0.006) Wavelet-frame regularization

SNR =22.7 dB - SSIM = 0.74 SNR= 21.4 dB - SSIM = 0.68

Fig. 7. Restoration results for “Peppers” image.

and it remains to find
1
in =||LT(t —u)||? + T (Dt
min 2| LT (¢ —u)[* +T(Dr)
1
= min = (t —u) D(t —u) + Y(Dt). (48)
teRY 2

By using the separability of, this is equivalent to finding
Y

1
min §Am(omTt — om—l—u)2 + wm(AmomTt). (49)
It can be deduced from [19, Lemma 2.6] that, for everye {1,...,Y},
Om t= proxizpm(Am.)(omTu)

1
= A—proxAmwm (Am OmTu)v (50)
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which, according to [22, Proposition 2.10], leads to
-1 Z proxpa, y, (Amom u)o
= D~ 'proxpy(Du). (51)
Altogether, (47) and (51) yield
v=w+L" (D™ 'proxpy(Du) — u).

In addition, sincel. "« is the projection ofv ontoran LT, u = (LLT)™'Lw = D~'Lw and (17) follows.

APPENDIX B

ProoF oFPrRoPOSITIONIIIL.8

By using the proximity operator definition (7),

T = ProXe, . (4)

minimizes
1 2
§H7T_yH +Mtvp17p2(7r)
1
- 5 Z (thng - yN1,7l2)2
(n1,n2)€EB
LN1P:P1J_1 LN2P_;P2J_1
D DR SRR e el
n1=0 n2=0
+  pey (tr(H TTIRR2 ) tr(VTHglle;fz))} (52)
where||-||r denotes the Frobenius norm, for evémy,ns) € {0, . .. LNl‘plj 1}x40,..., L—szzpzj—l},
L = (T Piny +py+p4, Pano+pa+p ) 0<p, <P 0<py < Ps (53)
and

IB%:{(nl,ng)eN2]O§n1<p10r0§n2<p2

N7 —
OrPlLlTlle <ni <N
Ny —

or Py| P21 <y < No). (54)
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It is then clear that (38) holds since the variabtgs ,,, with (n;,n2) € B are not elements of the
matricesITi 7, with ny € {0,..., |22 — 1} andny € {0,..., | 22522 ] — 1}. In addition, since it
has been assumed thal 7 V) = 0 and || H||r = ||V || = 1, the matricedI;'? and Y;/'}2? can be

decomposed in an orthogonal manner as follows:

P1,D2 P1,D2 P1,P2 P1,P2 \ L
Hn1’7n2 = ”1:”2H + Hnll”zv + (Hn1:n2)
(55)
P1,P2 P1,D2 P1,P2 P1,p2\ L
Ynlj”z = hn1’7n2H + v”1:n2v + (Ynl,hz)
where
P1,P2 T1P1,P2
77/17,77/2 - tr(H ]'_'[77/17,77/2)7
P1,P2 T17P1,P2
K/TLllTLz - tr(v ]:[n17,n2)7 (56)
p1,p2 \-L _ TyP1,P2 _ AQP1,P2 __ P1,p2
(Hnl,”z) - H”l,”z nl,”zH Kn17n2 V’
p1,p2\L _ yPp1,p2 D1,P2 P1,P2
(Ynh’n&) - Ynljn2 - hn1’7n2H - Unl’,ngw (57)

and (bR ohtP2) is given by (36). After some simplications, we have thus tmimize, for every
ny €{0,..., | 252 — 1} andng € {0, ..., | B2 | — 1},

1

ST = YA R + o o (tx(H IR, (VT LI E:)

n1,N2 n1,N2

1
= —||(T1Px-P2 )L _ (Ypl,pz)i”%

2 n1,N2 ny,N2
+ 1( D1,P2 __ },P1,P2 )2
2 ny,N2 ny,N2

—_

Z(pP1sP2 _ 4,P1,P2 2
+ Q(K’I’Lh’ﬂg ,U’I’Ll,TLz)

+ 1o (B R ) - (58)
This shows that (37) is satisfied and tii;! 72 )t = (Y;2102)+. Eq. (35) straightforwardly follows.

APPENDIX C

DERIVATION OF ALGORITHM 3

Let II» denote the projector omn F. For everyu € RX, we have
u=Ilpu—+ ut (59)

whereut € (ran F)* is the projection error and there exigts RY such that

[pu = Fq. (60)
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By combining this with the fact thaF "« = 0, we obtain the relation,

1

14
which allows us to deduce from (59) that
i Lo
um=u——FF u.
v

Now, consider the first step of Algorithm 2v; € {1,...,S})

F
Dje = Uje + ;(proxu'ygj/wj (FTuj,f) - FTuj,f) +aje (62)

wherea;, is assumed to belong tan F, i.e. aj, = Fa;, with a;, € RY. Definingg;, € RY similarly

to (60) yieldsIlgp;, = Fq;. According to (61),;, is such that

1
qj.e = ;Fij,Z- (63)
By combining (62) and (63),
1 ~
Qj.¢ = - PrOX,yng, /0y, (V) + aje wherewv; = Flujy. (64)

Moreover, sincep;, = Fq; +pjfé, the computation of the variable = ijlepj,g in Algorithm 2

can be rewritten as

s s 7
pe=F Z w;qj.e + Z wipiy + Z Wipj.e (65)
=1 =1 j=511

where, according to (59), (60), (62) and (64),

1
Pip=ujp— ;FFTuj,g = ujy. (66)

In the new formulation, the last steps of the algorithm csinsf updatingujfg andv,,, for all j €
{1,...,5}. We propose to define, = 2p, — 2, , 7y = F'ry andry = ry — 1F7, which yields
vjer1 = vj0+ (e —Fpjg) anduj, ., = uiy+ Me(rg —pj,). By using (63) and (66), these relations

can be simplified as

Vi1 = Vi + N (e — vgj )
and (67)

L .1 L1
Wigpy = Ui+ A (Té ujvé)’
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which leads to Algorithm 3.
We finally note that Assumption IV.3 3) implies that AssuroptilV.1 4) is satisfied since, for every
jedl,..., S},

D A llajell =D A | Fal|
eN ¢eN
<|IFID A lfagell < +oc. (68)
¢eN
This allows us to transpose the convergence results cangefigorithm 2 to Algorithm 3.

REFERENCES

[1] N. Pustelnik, C. Chaux, and J.-C. Pesquet, “Hybrid ragahtion for data restoration in the presence of Poissaserio
in Proc. Eur. Sig. and Image Proc. Conferenc&lasgow, Scotland, Aug. 24-28 2009, pp. x+5.

[2] L. M. Bregman, “The method of successive projection fareenmon point of convex setsSoviet Mathematics Doklagdy
vol. 6, pp. 688-692, 1965.

[3] L. G. Gurin, B. T. Polyak, and E. V. Raik, “Projection metfs for finding a common point of convex set&h. Vychisl.
Mat. Mat. Fiz, vol. 7, pp. 1211-1228, 1967.

[4] D. C. Youla and H. Webb, “Image restoration by the methégrmjections onto convex sets. Part | - theorl2EE Trans.
on Medical Imagingvol. 1, no. 2, pp. 81-94, Oct. 1982.

[5] H.J. Trussell and M. R. Civanlar, “The feasible solutionsignal restoration,1IEEE Trans. on Acous., Speech and Signal
Proc, vol. 32, pp. 201-212, 1984.

[6] R. Gordon, R. Bender, and G. T. Herman, “Algebraic retamion techniques (ART) for three-dimensional electron
microscopy and X-ray photographyJournal of Theoretical Biologyvol. 29, no. 3, pp. 471-481, Dec. 1970.

[7] A. N. lusem and A. R. De Pierro, “Convergence results foragcelerated nonlinear Cimmino algorithmilumerische
Mathematik vol. 49, no. 4, pp. 367-378, Jul. 2006.

[8] P. L. Combettes, “A block-iterative surrogate consitasplitting method for quadratic signal recoveryEEE Trans. on
Signal Proc, vol. 51, no. 7, pp. 1771-1782, Jul. 2003.

[9] J.-F. Aujol, “Some first-order algorithms for total vation based image restoration]. Math. Imag. Vis.vol. 34, no. 3,
pp. 307-327, Jul. 2009.

[10] S. Mallat, A wavelet tour of signal processing\cademic Press, San Diego, USA, 1997.

[11] E. J. Candeés and D. L. Donoho, “Recovering edges ipaled inverse problems: Optimality of curvelet frameArin.
Statist, vol. 30, no. 3, pp. 784-842, 2002.

[12] E. Le Pennec and S. Mallat, “Sparse geometric imageesgmtations with bandeletslEEE Trans. on Image Procvol.
14, no. 4, pp. 423-438, Apr. 2005.

[13] I. W. Selesnick, R. G. Baraniuk, and N. G. Kingsbury, &Ttual-tree complex wavelet transformBEE Signal Process.
Mag. vol. 22, no. 6, pp. 123-151, Nov. 2005.

[14] C. Chaux, L. Duval, and J.-C. Pesquet, “Image analysiagia dual-treel/-band wavelet transform,IEEE Trans. on
Image Proc, vol. 15, no. 8, pp. 2397-2412, Aug. 2006.

February 23, 2011 DRAFT



31

[15] I. Daubechies, M. Defrise, and C. De Mol, “An iterativeésholding algorithm for linear inverse problems with arsgy
constraint,” Comm. Pure Applied Mathvol. 57, no. 11, pp. 1413-1457, Nov. 2004.

[16] M. A. T. Figueiredo and R. D. Nowak, “An EM algorithm forawvelet-based image restorationEEE Trans. on Image
Proc, vol. 12, no. 8, pp. 906-916, Aug. 2003.

[17] J. Bect, L. Blanc-Féraud, G. Aubert, and A. Chamboll&, I*-unified variational framework for image restoration,” in
Proc. European Conference on Computer VisidnPajdla and J. Matas, Eds., Prague, Czech Republic, Még, 2®l.
LNCS 3024, pp. 1-13, Springer.

[18] z. Harmany, R. Marcia, and R. Willett, “This is SPIRALAP: Sparse Poisson intensity reconstruction algorithniseery
and practice,” Tech. Rep., 2011, arXiv:1005.4274.

[19] P. L. Combettes and V. R. Wajs, “Signal recovery by pnoai forward-backward splitting,"SIAM J. on Mult. Model.
Simul, vol. 4, no. 4, pp. 1168-1200, Nov. 2005.

[20] P. L. Combettes and J.-C. Pesquet, “Proximal splittingthods in signal processing,” ifixed-Point Algorithms for
Inverse Problems in Science and Engineeribkg H. Bauschke, R. Burachik, P. L. Combettes, V. Elser, DL&ke, and
H. Wolkowicz, Eds. Springer-Verlag, New York, 2010.

[21] J. J. Moreau, “Proximité et dualité dans un espackehnilen,” Bull. Soc. Math. Francevol. 93, pp. 273-299, 19665.

[22] C. Chaux, P. L. Combettes, J.-C. Pesquet, and V. R. WAjsariational formulation for frame-based inverse prahg”
Inverse Problemsvol. 23, no. 4, pp. 1495-1518, Jun. 2007.

[23] J. M. Bioucas-Dias and M. A. T. Figueiredo, “A new TwISTwo-step iterative shrinkage/thresholding algorithms fo
image restoration,IEEE Trans. on Image Procvol. 16, no. 12, pp. 2992—-3004, 2007.

[24] A. Beck and M. Teboulle, “A fast iterative shrinkagekholding algorithm for linear inverse problem§JIAM J. Imaging
Sci, vol. 2, pp. 183-202, 2009.

[25] D. L. Donoho, “De-noising by soft-thresholdinglEEE Trans. on Inform. Theorwol. 41, no. 3, pp. 613-627, May 1995.

[26] P. L. Combettes and J.-C Pesquet, “Proximal threshgldilgorithm for minimization over orthonormal baseSIAM
Journal on Optimizationvol. 18, no. 4, pp. 1351-1376, Nov. 2007.

[27] P. L. Lions and B. Mercier, “Splitting algorithms for éhsum of two nonlinear operators3IAM Journal on Numerical
Analysis vol. 16, no. 6, pp. 964-979, Dec. 1979.

[28] J. Douglas and H. H. Rachford, “On the numerical soltaf the heat conduction problem in two and three space
variables,” Trans. Amer. Math. Socvol. 82, no. 2, pp. 421-439, Jul. 1956.

[29] J. Eckstein and D. P. Bertsekas, “On the Douglas-Radtdplitting methods and the proximal point algorithm forximaal
monotone operatorsMathematical Programmingvol. 55, no. 3, pp. 293-318, Jun. 1992.

[30] P. L. Combettes and J.-C. Pesquet, “A Douglas-Rachfipiitting approach to nonsmooth convex variational signal
recovery,” IEEE Journal of Selected Topics in Sig. Proeol. 1, no. 4, pp. 564-574, Dec. 2007.

[31] P. L. Combettes and J.-C. Pesquet, “A proximal decortiposmethod for solving convex variational inverse prabig”
Inverse Problemsvol. 24, no. 6, pp. x+27, Dec. 2008.

[32] M. Fornasier, “Domain decomposition methods for linegaerse problems with sparsity constraintéiiverse Problems
vol. 23, pp. 2505-2526, 2007.

[33] M. Fornasier and C.-B. Schonlieb, “Subspace coroectnethods for total variation ant] -minimization,” SIAM Journal
on Numerical Analysisvol. 47, no. 8, pp. 3397-3428, 2009.

[34] F.-X. Dupé, M. J. Fadili, and J.-L. Starck, “A proximékration for deconvolving Poisson noisy images using spar

representations,JEEE Trans. on Image Progcvol. 18, no. 2, pp. 310-321, Feb. 2009.

February 23, 2011 DRAFT



[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]
[45]

[46]

[47]

[48]

[49]

[50]
[51]

[52]

[53]

[54]

[55]

32

C. Chaux, J.-C. Pesquet, and N. Pustelnik, “Nestedtitar algorithms for convex constrained image recovenpigms,”
SIAM Journal on Imaging Sciencegol. 2, no. 2, pp. 730-762, Jun. 2009.

M. R. Hestenes, “Multiplier and gradient methoddg@urnal of Opt. Theory and Applicationsol. 4, no. 5, pp. 303-320,
Nov. 1969.

M. Fortin and R. Glowinski, Eds. Augmented Lagrangian Methods: Applications to the Nuraé&olution of Boundary-
Value ProblemsElsevier Science Ltd, Amsterdam: North-Holland, 1983.

T. Goldstein and S. Osher, “The split Bregman method¢foregularized problems,SIAM J. Imaging Sci.vol. 2, no. 2,
pp. 323-343, 2009.

S. Setzer, G. Steidl, and T. Teuber, “Deblurring Paisan images by split Bregman techniquesfournal of Visual
Communication and Image Representatival. 21, pp. 193-199, 2010.

M. A. T. Figueiredo and J. M. Bioucas-Dias, “Restoratiof Poissonian images using alternating direction optin,”
IEEE Trans. on Image Progcvol. 19, no. 12, pp. 3133-3145, Dec. 2010.

B. He, M. Tao, and X. Yuan, “A splitting method for sepgra@onvex programming with linking linear constraints,’che
Rep., 2011, http://www.optimization-online.org/DBILE/2010/06/2665.pdf.

J. Bioucas-Dias and M. A. T. Figueiredo, “An iterativigarithm for linear inverse problems with compound regiziars,”
in Proc. Int. Conf. on Image Processin§an Diego, CA, USA, Oct. 12-15 2008, pp. 685-688.

Y.-W. Wen, M. K. Ng, and W.-K. Ching, “lterative algohins based on decoupling of deblurring and denoising for @nag
restoration,” SIAM Journal on Scientific Computingol. 30, no. 5, pp. 2655-2674, Jun. 2008.

I. Daubechies,Ten lectures on waveletSociety for Industrial and Applied Mathematics, Philqudes, PA, 1992.

M. N. Do and M. Vetterli, “The contourlet transform: affieient directional multiresolution image representatiol EEE
Trans. on Image Progvol. 14, no. 12, pp. 2091-2106, Dec. 2005.

D. Han and D. R. Larson, “Frames, bases, and group reptasons,” Mem. Amer. Math. Socvol. 147, no. 697, pp.
X+94, 2000.

M. N. Do and M. Vetterli, “Wavelet-based texture retad using generalized Gaussian density and Kullback-keeibl
distance,”IEEE Trans. on Image Progcvol. 11, no. 2, pp. 146-158, Feh. 2002.

J. J. Moreau, “Fonctions convexes duales et pointsipravx dans un espace hilbertierC. R. Acad. Scj.vol. 255, pp.
2897-2899, 1962.

D. Titterington, “On the iterative image space reconstion algorithm for ECT,”IEEE Trans. on Medical Imagingrol.
6, no. 1, pp. 52-56, Mar. 1987.

G. H. Golub and C. F. Van LoarMatrix computations The Johns Hopkins University Press; 3rd edition, 1996.

L. Rudin, S. Osher, and E. Fatemi, “Nonlinear total aticn based noise removal algorithm$?hysica O vol. 60, no.
1-4, pp. 259-268, Nov. 1992.

L. Rudin and S. Osher, “Total variation based imagearedton with free local constraints,” iRroc. Int. Conf. on Image
Processing Austin, Texas, Nov. 13-16 1994, vol. 1, pp. 31-35.

F. Malgouyres, “Mathematical analysis of a model whidmbines total variation and wavelet for image restorgtion
Journal of information processesol. 2, no. 1, pp. 1-10, 2002.

J.-F. Aujol, G. Gilboa, T. Chan, and S. Osher, “Struettexture image decomposition - modeling, algorithms, @ardmeter
selection,” International Journal of Computer Visiowol. 67, no. 1, pp. 111-136, Apr. 2006.

P. Weiss, L. Blanc-Féraud, and G. Aubert, “Efficienhemes for total variation minimization under constraimtsmage

processing,”SIAM journal on Scientific Computingol. 31, no. 3, pp. 2047—2080, Apr. 2009.

February 23, 2011 DRAFT



[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]
[65]

[66]

[67]

[68]

[69]

[70]

[71]

33

X. Bresson and T.F. Chan, “Fast minimization of the weiel total variation norm and applications to color image
processing,” Tech. Rep. 07-25, CAM Report, 2007.

A. Chambolle, “An algorithm for total variation minirsation and applicationsJ. Math. Imag. Vis.vol. 20, no. 1-2, pp.
89-97, Jan. 2004.

J. A. Fessler, “Hybrid Poisson/polynomial objectiven€tions for tomographic image reconstruction from traigsion
scans,”|IEEE Trans. on Image Procvol. 4, no. 10, pp. 1439-1450, Oct. 1995.

J. Zheng, S. S. Saquib, K. Sauer, and C. A Bouman, “Rdizdble bayesian tomography algorithms with rapid, goized
convergence,lEEE Trans. on Image Procvol. 9, no. 10, pp. 1745-1759, Oct. 2000.

E. Chouzenoux, S. Moussaoui, and J. Idier, “A new linarsk method for barrier functions with strong convergence
properties,” Tech. report, IRCCyN, http://hal.archivassertes.fr/docs/00/39/18/18/PDF/Main.pdf, 2009.

Z. Wang and A. C. Bovik, “Mean squared error: love it oave it?,” IEEE Signal Process. Magvol. 26, no. 1, pp.
98-117, Jan. 2009.

N. P. Galatsanos and A. K. Katsaggelos, “Methods forositg the regularization parameter and estimating theenois
variance in image restoration and their relatioffEE Trans. on Image Procvol. 1, no. 3, pp. 322-336, Jul. 1992.

B. Delyon, M. Lavielle, and E. Moulines, “Convergenckaostochastic approximation version of the EM algorithrfin.
Statist, vol. 27, pp. 94-128, 1999.

C. Robert and G. Castelldjlonte Carlo statistical methodsSpringer, New York, 2004.

L. Chaari, J.-C. Pesquet, J.-Y. Tourneret, P. Ciualud A. Benazza-Benyahia, “A hierarchical bayesian modefriome
representation,1EEE Trans. on Signal Procvol. 58, no. 11, pp. 5560-5571, Nov. 2010.

S. Ramani, T. Blu, and M. Unser, “Monte-Carlo SURE: AdKebox optimization of regularization parameters for gahe
denoising algorithms,IEEE Trans. on Image Procvol. 17, no. 9, pp. 1540-1554, Sep. 2008.

M. Zhu and T.F. Chan, “An efficient primal-dual hybridagtient algorithm for total variation image restoratiotJCLA
CAM Report, 08-342008.

X. Zhang, M. Burger, and S. Osher, “A unified primal-dadgorithm framework based on Bregman iteratiodgurnal of
Scientific Computing2010, DOI: 10.1007/s10915-010-9408-8.

E. Esser, X. Zhang, and T. Chan, “A general framework &class of first order primal-dual algorithms for TV
minimization,” UCLA CAM report, 09—6,7/2010.

S. Setzer, G. Steidl, and T. Teuber, “Infimal convolntiegularizations with discretg -type functionals,"Communications
in Mathematical Sciencef010, http://kiwi.math.uni-mannheim.de/PAPERS/gahénf_conv_revised.pdf.

A. Chambolle and T. Pock, “A first-order primal-dual atfghm for convex problems with applications to imagingl”
Math. Imag. Vis. 2010, DOI: 10.1007/s10851-010-0251-1.

February 23, 2011 DRAFT



34

Nely Pustelnik (S'09, M'11) Nelly Pustelnik was born in Sarlat-la-Canédaance. She received the
engineering degree from the Institut des Sciences dedhimgir de Toulon et du Var (ISITV), France
and the Master degree in telecommunication and teledete@tbm the Université de Toulon et du Var,
France, in 2007. In 2010, she received the Ph.D. degreernalsignd image processing from the Université
Paris-Est, France on the topic of inverse problems reswluising proximal algorithms. She is currently

with the Laboratoire IMS, Université de Bordeaux, Franabgre she holds a postdoctoral position on

the topic of tomographic reconstruction from a limited n@mnbf projections.

Caroaline Chaux (S'05, M'07) was born in Lyon, France, in 1980. In 2003, sheeieed the engineering
degree in telecommunication from the Institut des Sciemge$ingénieur de Toulon et du Var (ISITV),
France, and the DEA degree in Signal and Digital Commuraoatfrom the Université de Nice Sophia-
Antipolis, France.

She received the Ph.D. degree in signal and image procefssing.aboratoire d’Informatique (UMR—

CNRS 8049) of the Université Paris-Est, France, on thectopiimage restoration using wavelets. From

2006 to 2007, she held a postdoctoral position in the Ariasgarch group (INRIA Sophia-Antipolis Méditerranée).
In October 2007, she joined the Laboratoire d’InformatiqUdMR—CNRS 8049) of the Université Paris-Est, as a CNRS

researcher.

Jean-Christophe Pesquet (S’89-M'91-SM'99) received the engineering degree fronp&ec, Gif-sur-
Yvette, France, in 1987, the Ph.D. degree from the UniveRéris-Sud (XI), Paris, France, in 1990, and
the Habilitation a Diriger des Recherches from the UnigerBaris-Sud in 1999.

From 1991 to 1999, he was a Maitre de Conférences at thestsiti& Paris-Sud, and a Research Scientist

at the Laboratoire des Signaux et Systemes, Centre Natierla Recherche Scientifique (CNRS), Gif sur

s / Yvette. He is currently a Professor with Université de 8&st Marne-la-Vallee, France and a Research
Scientist at the Laboratoire d’Informatique of the unigr¢UMR—-CNRS 8049).

February 23, 2011 DRAFT



